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Abstract 

We consider small-time asymptotics for diffusion processes conditioned by their initial 
and final positions, under the assumption that the diffusivity has a sub-Riemannian 
structure, not necessarily of constant rank. We show that, when the endpoints are 
joined by a unique path of minimal energy, the conditioned diffusion converges weakly 
to that path. We show further that, when the endpoints lie outside the sub-Riemannian 
cut locus, the fluctuations of the conditioned diffusion from the minimal energy path, 
suitably rescaled, converge to a Gaussian limit. The Gaussian limit is characterized in 
terms of the minimal second variation of the energy functional at the minimal path, the 
formulation of which is new in this context. 


1 Introduction 

Let M be a connected manifold of dimension d and let a be a C°° non-negative quadratic 
form on the cotangent space T*M. We assume that a has a sub-Riemannian structure, that 
is to say, there exist m eN and C°° vector helds Xi ,on M such that 

m 

a(e, 0 = (e, a(a:)e) = X,{x))\ e e T*M (1) 

1=1 

and such that 


span{r(a:) : Y G A{Xi ,..., A^)} = T,M, for all xEM. (2) 
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Here A{Xi ,..., Xm) denotes the smallest set of vector fields on M containing Xi,, X^ and 
closed under the commutator product, given by 



i=l 


There is associated to the quadratic form a an energy function I on the set of continuous 
paths n = (^([0,1], M). An absolutely continuous path cn G may have a driving path by 
which we mean a measurable path ^ in T*M such that G T*^M and ojt = for almost 

all t. Then uj has energy 



If u is not absolutely continuous or has no driving path, then I{oj) = oo. Write H for the 
subset of n consisting of paths of hnite energy. For x,y E M, set 


= {cj E H : uq = x,u)i = y}. 


It is well known that is non-empty under the bracket condition ([2]) and that the sub- 
Riemannian distance 



dehnes a metric compatible with the topology of M. 


In this paper we investigate the restriction of the energy function / to and its relation 
to heat flow from x to y. We make no assumption of completeness for M so in general the 


inhmum in ([3]) may not be achieved. Nevertheless, we will show in Theorem 11.11 that the 
small-time logarithmic asymptotics for heat kernels are determined by the distance function 
and indeed that the associated diffusion measures concentrate exponentially fast in small time 
around paths of nearly minimal energy. 


The main work in the paper addresses the case where x and y are chosen so that I achieves 


a minimum on uniquely, say at 7 . We will then construct, under a regularity condition 
on 7 , a vector space of absolutely continuous paths v in TM, with vt G TyjM for all 

t and Vo = Vi = 0 , along with an equivalence class of norms on each making 

into a Hilbert space. The paths in TyH^’^ can be thought of as the inhnitesimal variations of 
7 in H^’^. We will further construct a continuous non-negative quadratic form Q on TyH^'^ 
such that Q{v) is the minimal second variation of I in the direction v, in a sense to be made 
precise. These constructions are the content of Section [71 

The sub-Riemannian cut locus was dehned by Bismut [7] in terms of the bicharacteristic 
flow associated to a. An alternative characterization was then given by Ben Arons [ 6 ] in terms 
of a quadratic form on control paths associated to a compatible sub-Riemannian structure. We 
will show in Theorem l8.3l that {x, y) lies outside the sub-Riemannian cut locus if and only if our 
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regularity condition on 7 holds and Q is positive-definite. Since the vector space and 

the quadratic form Q are intrinsic to a, this provides an intrinsic characterization of the cut 
locus in terms of the energy function in this general setting. To clarify the distinction between 
objects intrinsic to a and those constructed from a compatible sub-Riemannian structure, 
we show by example in Section [3 that, when a has non-constant rank, it may admit two 
inequivalent sub-Riemannian structures. For control theory, the sub-Riemannian structure is 
the basic given quantity, but for heat flow it is natural to seek objects intrinsic to a. 

The sub-Riemannian cut locus is less well understood than its Riemannian counterpart. It 
is known to be a closed and symmetric subset of M x M. Rifford & Trelat [27] and Agrachev [2] 
have proved results which limit its size. The reader may find in the lecture notes of Agrachev, 
Barilari & Boscain [3 Theorems 10.4 and 10.11] a proof that, for all x G M and any r G (0, 00 ) 
such that B = {y E M : d{x,y) ^ r} is compact, the set of points y E B such that {x,y) lies 
outside the cut locus is dense in B. 

Let £ be a second order differential operator on M with C°° coefficients, such that £1 = 0 
and such that £ has principal symbol a/2. In each coordinate chart, £ thus takes the form 


£ 


1 

2 






d‘^ 

dx^dx^ 


d 

+Y. 

i=l 


A 

dx^ 


(4) 


for some (7°° functions 6® on M. In this context we refer to a as the diffusivity. Given that 
a has sub-Riemannian structure {Xi,..., X^), we obtain the same family of operators by 
choosing another C°° vector field Xq on M and setting 

m 

C^2'^X] + X„. (5) 

^ £=1 


We will sometimes impose the following global condition 

M = R'^ and Xo, Xi,..., Xm E R‘^). (6) 


At other times, we will impose no further condition on M or a, in particular no condition 
of completeness, but then we will insist that there is a C°° 1-form f3 satisfying the sector 
condition 

||a(/3,/3)||oo < 00 (7) 

and there is a locally invariant^ positive (7°° measure u on M such that 

£/=idiv(aV/) + a(AV/) (8) 

®Here, Xi is used to denote the differential operator X]f=i Xl{x)d/dx'^. 

®When M is compact, the local invariance property does not restrict the class of operators. To see this, 
suppose that C has the form ([8|) for some positive C°° measure not necessarily invariant. Then C has a 
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where the divergence is understood with respect to u. Here, by a positive C°^ measure u we 
mean any measure having a positive C°° density with respect to Lebesgue measure in each 
coordinate chart. We say that v is locally invariant for C if, for all C°° functions / of compact 
support in M, we have 

[ a{P,Vf)du = 0. (9) 

J M 

The divergence of a vector held X with respect to v is characterized by 


fdivXdu 


' M 



Xfdu 


for all such functions /. From ([8]), we hnd that Xq = where ai = \ divX£+(/3, W). 

In particular, Xq{x) G span{Xi(a:),... ,Xm{x)} for all x G M, which is not required in ([H]). 
The sector condition and the local invariance property are satished trivially in the case /3 = 0. 
Thus our results apply to all sub-Riemannian Laplacians. 

There is a family of probability measures on the set = {cj G H : cjq = a;, cji = y} 
which is naturally associated to the operator C. Fix e > 0 and x G M. There exists a 
diffusion process starting from x and having generator eC. Since, in general, the coefficients 
of C may be unbounded and we make no assumption of completeness for M, this diffusion 
may explode with positive probability, that is to say it may leave all compact sets in hnite 
time. We will write for the unique sub-probability measure on H which is the law of this 
diffusion restricted to paths which do not explode by time 1. Under our assumptions, there 
is a unique family of probability measures : y G M) on H which is weakly continuous in 
y, with supported on for all y, and such that 


yl{duj)= / y^'y(duj)p{e,x,dy) 

J M 

where p{e,x,.) is the (sub-)law of cji under p,^. More explicitly, the hnite-dimensional dis¬ 
tributions of each measure may be written as follows. Choose a positive C°° measure u 
on M. It does not have to be the same measure as in the preceding paragraph. There is a 
positive C°° function p on (0, cxo) x M x M such that 

p{e, X, dy) = p{e, x, y)i'{dy). 

positive (7°° invariant density function p with respect to v on M. Thus, for all C°° functions /, we have. 

[ a{l3p-^VpXf)diy = [ Cfpdv = 0. 

J M Jm 

Set P = P — logp and i> = pv. Then £/ = tdiv(aV/) + a(/3, V/), P satisfies (0, and v is invariant. In 
particular, when M is compact and a is positive-definite, we can write all operators C of the form 0 in the 
form 0. 
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This function p is the Dirichlet heat kernel for C with respect to v. Then, for all /c G N, all 
ti,... ,tk E (0,1) with ti < t 2 < ■ ■ ■ < tk and all Xi,...,G M, we have 

G dxi,..., G dxk}) 

p{eti,x,xi)p{e{t2-ti),xi,X2)...p{e{l-tk),Xk,y) . 

= ---r-. . . u{dXk). 

p{s,x,y) 

It is straightforward to see that these finite-dimensional distributions are consistent and do 
not depend on the choice of u. 

Our main aim is to understand the behaviour of the diffusion bridge measures in the 
limit e 0. We will say that 7 G is strongly minimal if there exist 5 > 0 and a relatively 
compact open set U in M such that 

I{u) ^ 1 ( 7 ) for all u G and I{u) ^ I{'y) + 6 for all u G which leave U. 

When M is complete for the sub-Riemannian distance, the second condition follows from the 
hrst by the Hopf-Rinow theorem. Moreover, if 7 is the only strongly minimal path in 
then the second condition holds for all relatively compact domains U containing 7 by a weak 
compactness argument. Here is our hrst main result. 

Theorem 1.1. Let M be a connected manifold. Let C be a second order differential 
operator on M of the form (|8]), 


£/ = i div(aV/) - 1 - a(/3, V/) 

where the diffusivity a has a sub-Riemannian structure, where the divergence is taken with 
respect to a positive C°° locally invariant measure, and where f is a C°° 1-form satisfying the 
sector condition ( 0 . Then, for all x,y E M, as t ^ D, we have 

t iogpit, X, y) -d{x, yY/2. ( 10 ) 

Moreover, for all <5 > 0, for r = 6^^'^{d{x,yy , we have 

hmsupelog/ig’^({a; G : diujt, rt((5)) ^ r for some t E [0,1]}) ^ —6/2 (11) 

€—^0 

where 

U5) = {7i : 7 e 1(7) ^ d{x,yf + <5}. 

In particular, in the case where there is a unigue strongly minimal path 7 G , we have 
6.y as e —0 weakly on , where 6.y is the unit mass at 7 . 
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The small-time logarithmic asymptotics flTOll were proved by Varadhan [29] in the case 
when M = and a is everywhere positive-dehnite. They were generalized by Leandre 
[m ng to the sub-Riemannian case, under the global assumption ([6|), using probabilistic 
techniques which make this assumption unavoidable. While the lower bound extends easily, 
for the upper bound it appears that analytic techniques are needed, and we arrive at (HB 
by checking the applicability of a general result of Sturm [25] in this context. In the case of 
Brownian motion in a complete Riemannian manifold, the exponential estimate flTT]) follows 
from a result of Hsu [11]. Under the assumption ([6]) and subject to the condition that a{x) is 
positive-dehnite, (ITT]) follows from work of Inahama |13] . 

We now go beyond the law of large numbers and exponential asymptotics contained in 
Theorem o to identify a small-time equivalent for the heat kernel and to obtain a central 
limit theorem for the diffusion bridge measures. For this we will assume that x and y are 
chosen so that 

there is a unique strongly minimal path 7 G ( 12 ) 

and further that (x, y) lies outside the sub-Riemannian cut locus. We hrst state a small-time 
equivalent for the heat kernel, which was proved by Ben Arons [B] under the condition (jH]). In 
fact, Ben Arons obtained a full asymptotic expansion, with local regularity statements, but 
we will be content with the basic form. 

Theorem 1.2. Under the conditions of Theorem \1.1[ in the case where there is a unique 
strongly minimal path 7 G and (x, y) lies outside the cut locus, there is a constant 

c{x, y) > 0 such that, in the limit f —)■ 0 , 

X, y) = c{x, y)t-'^^^ exp{-d{x, yY/{2t)}{l + o(l)). 

We turn to the second order result which is the true focus of this work. The quadratic 
form Q mentioned above allows us to give an intrinsic Hilbert norm. Write 

for the set of continuous paths n in TM such that Vt G for all t and Vq = Vi = 0. We 

make into a Banach space using the uniform norm ||n||oo = supjg[o,i] I'^tl corresponding 

to a choice of Riemannian metric on M. The associated topology on which is all that 

matters for us, does not depend on the choice of metric. We will show in Theorem 18.51 that 
there is a unique zero-mean Gaussian measure on such that 

f (fivfy^idv) = Q(0) 

for all continuous linear functionals 0 on where 0 G is determined by 4>{v) = 

Q{(j),v) for all v G 

We rescale the fluctuations of the diffusion bridge around the minimal path 7 to obtain a 
non-degenerate limit. To do this, we choose a C°° map 9 ■. M such that the derivative 
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6 **( 7 t) : ^ is invertible for all t G [0,1]. We can always choose a chart U along 7 

and obtain a suitable function 9 by extending the coordinate map from a neighbourhood of 
7. Dehne (Tg : —)■ by 

ae{u:)t = - 6>(7t))/v^. 

Then we obtain a probability measure on by setting 

o 

It is straightforward to check that if converges weakly on as £ ^ 0 for one choice 

of the function 9, then it does so for all such choices and with the same limit. 

Theorem 1.3. Let M be a connected C°° manifold. Let C be a second order differential 
operator on M, which has the form (jl]) in each coordinate chart, and whose diffusivity has 
a sub-Riemannian structure. Assume that either (jS]) and ([2]) hold or m and ([H]) hold. Let 
X, 1/ G M. Suppose that there is a unique strongly minimal path 7 G and that {x,y) lies 
outside the cut locus. Then the rescaled diffusion bridge measures satisfy —)■ jj,^ weakly on 

as 

In the case of Brownian motion on a compact Riemannian manifold, the convergence 
fff’y piry, with /i.y characterized by its covariance, was derived by Molchanov [22], but a full 
proof was not given. Many of the techniques we use follow ideas pioneered by Bismut [7| and 
Ben Arous [ 6 ] in their studies of the heat kernel, indeed, it turns out that the diffusion bridge 
asymptotics are another side of the same story. Two recent works have taken the fundamental 
ideas of Bismut and Ben Arous in different directions to ours. First, Deuschel, Friz, Jacquier 
& Violante 0 [IO] have obtained small time expansions for marginal distributions of the heat 
flow. Second, Barilari, Boscain & Neel [5] have found estimates of the heat kernel actually on 
the cut locus. 

In Section [21 we recall the notions of the bicharacteristic flow associated to a and the 
sub-Riemannian cut locus. We also give a characterization of the limit fluctuation measure 
p..y in terms of the bicharacteristic flow. Then, in Section [3l we discuss the case where a{x) is 
positive-dehnite for all x, and thus dehnes a Riemannian metric. In this case the limit measure 
has several different characterizations using classical objects of Riemannian geometry. The 
proof of Theorem 11.31 is given under the global assumption dH]) in Section SI adapting a 
method of Azencott, Bismut and Ben Arous, and relying on ideas of Malliavin calculus. Then 
in Section [5l we show how to localize to a neighbourhood of the minimal path, and we prove 
Theorem 11.21 and complete the proof of Theorem 11.31 using analytic estimates in Section ( 6 ] 
Section [ 6 ] also contains the proof of Theorem 11.11 and does not depend on material in other 
sections. As outlined above. Sections [7| and [ 8 ] are devoted to the geometry of some spaces of 
paths, leading to the intrinsic construction of the minimal second variation Q of the energy 
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function and its associated Gaussian measure. These two sections may be read independently 
of the preceding probabilistic and analytic parts. 

We are grateful to Emmanuel Trelat and Fabrice Baudoin for helpful advice in the course 
of this work. 


2 Cut locus and fluctuation measure in terms of the 
bicharacteristic flow 


The bicharacteristic flow is the maximal flow {ijJtW ■ A G T*M,t G (C~(A), C''"(A))) of the 
vector held V on T*M given by (3{V, .) = dtH, where (3 is the canonical symplectic 2-form on 
T*M and "H : T*M —)■ [0, oo) is the Hamiltonian 

H{X) = \{\a{x)\), XeT*M. 

Thus, for all A G T*M, we have '0o(A) = A and C~(A) < 0 < C''^(A), and 

te(c-(A),c+(A)) 

and ' 04 (A) leaves all compact sets in T*M as t ^ C'''(A) if C''"(A) < C )0 and as t ^ C~(A) if 
C“(A) > —oo. If M is complete, then C^(A) = ±oo for all A G T*M. In a coordinate chart 
U for M, for A G G, write Xt = '0t(A) = {xt,Pt) while Xt remains in T*U, with Xt E U and 
Pt G Then, for any snb-Riemannian structure (Xi,..., X^) for a, we have 

m 

it = '^{Pt, Xi{xt))Xe{xt), xo = X 
e=i 

m 

Pt =-^{puXt{xt)){pt,VX(,{xt)), po=P (13) 

1=1 

where {p,XX{x))i = {d/dx^){p, X{x)). 

Fix x,y E M and snppose that condition (IT^ holds, that is to say, there is a unique 
strongly minimal path 7 G Write tt for the projection T*M —)■ M. We assume that 7 is 

a normal minimizer, meaning that 


there exists a bicharacteristic (At)tg[o,i] such that 7 * = nXt for all t G [0,1]. 

For t E [0,1], write Xt = '0t(Ao) and dehne linear maps Jt '■ T*M ^ ^^cl Kf : 

by 


Mo = i 

oe 


d 

7r04(Ao+ £^ 0 ), Ktii=^ 


7r0_(i_4)(Ai -£^i). 


(14) 
T*M -E 


£=0 


£=0 


(15) 




We assume that {x,y) is non-conjugate for (At)tg[o,i], meaning that 

Ji is invertible. (16) 

Following Bismut [7], when conditions dnD, (in and flTHl) hold, the pair (x, y) is said to lie 
outside the cut locus of a. By a simple and well known argument, flTHl) implies that the 
bicharacteristic projecting to 7 is unique. 

The following statement is part of Theorem 18.51 

Theorem 2.1. Assume the hypotheses of Theorem \1.3[ Then the limit measure is the 
unique zero-mean Gaussian measure on T^Q^'^ with covariance given for s ^t by 

f Vs<^vtp-/{dv) = JsJf^K*. (17) 

JTjn^-y 

The characterization of the cut locus and limit measure p.y in terms of the bicharacteristic 
flow is computationally effective and does not require the construction of the quadratic form 
Q. On the other hand, the formulation of Theorem 11.31 in terms of Q conhrms in the setting 
of an inhnite-dimensional path space an intuition derived from analogous considerations for 
functions and measures in hnite dimensions. Moreover, the proof of Theorem ll.3l is by analysis 
in path space and leads naturally to the formulation given. 

We conclude this section with some remarks on symmetry under time-reversal. The fol¬ 
lowing calculation shows that Ji = Kq and hence that the cut locus is symmetric. Since V is 
Hamiltonian, its flow preserves the symplectic form (3. See for example [20] • For f G T*M, 
write f for the corresponding vertical vector in TT*M and write for the action of '0t on 
TT*M. Then 

(^1^0,6) = (vr>!fo,6) = = (eo,iFo6). 

When C has the form ([8]), for compactly supported C°° functions f,g on M, we have 


fCgdv= / gCfdu. 


' M 


' M 


where 

Cf = ldiv{aVf)-a{(3,Vf). 

and the associated bridge measure satishes o A“^, where A : —)■ is the 

time-reversal map, given by Cjt = oJi-t. Hence, in this case, the whole set-up is invariant under 
time-reversal. 
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3 Brownian bridge on a Riemannian manifold 

Before proving Theorem 11.31 we discuss its consequences in the case where a is everywhere 
positive-dehnite. Let M be a connected Riemannian manifold. Write A for the Laplace- 
Beltrami operator on M and set 

C = \A + Xo 

where Xq is a vector field on M. Then C has the form (j4]) and its diffusivity a is the 
inverse of the metric tensor. We obtain in this way all operators C of the form (j4]) with a 
everywhere positive-dehnite. In this context, it is well known that there exist m G N and 
vector helds Xi,, Xm on M such that o and (j2]) hold, with 

span{y(x) : Y G A{Xi,... ,Xm)} = span{Xi(a;),... ,Xm{x)} = T^M for all x G M. 


We now review a number of equivalent characterizations of the cut locus for Riemannian 
manifolds, and we give some further descriptions of the limit Gaussian measure /i.y using 
objects of Riemannian geometry. In the case Xq = 0, the measure is the law of the 
Riemannian Brownian bridge from x to ?/ of speed y/e. 

Fix x,y & M and assume, as above, that there is a unique strongly minimal path 7 G H^’^. 
It is well known that in this context 7 is always the projection of a bicharacteristic. Write 
V for the Levi-Civita covariant derivative and R for the Riemann curvature tensor. Dehne a 
linear map Rt : T^tM —)■ TytTf, symmetric with respect to the metric, by Rt = i?(., 7 t) 7 t- It is 
straightforward to see that the set T.yH^’y, dehned more generally in Section [71 is here given 
by the set of all absolutely continuous paths v in such that 

Vutpdt < 00 . 

Moreover, we can dehne, for 7 G M sufficiently small, a path 7 ^ G by 7 ^^ = exp^^( 7 nt). 
Then the map 7 i-T- 7(7’^) is twice differentiable near 0 with 



Q{v) 


drf 


ri=0 


I Vn+r dt 


{vt, RtVt) dt. 


(18) 


See, for example [12]. By a standard calculation, the processes (7t)fg[o,i] and {Kt)t&[o,i], dehned 
above, are Jacobi helds along 7 and satisfy the diherential equations 


and 


+ RtJt — 0, Jq — 0, VJq — cl{x) 

V^Kt + RtKt = 0, iFi=0, VK, = -a{y). 
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Let ( 6 t)tg[o,i] be a Brownian motion in T^M, starting from 0. Set Zt = ht — tbi. Then {zt)t£[o,i] 
is a Brownian bridge in T^M from 0 to 0 in time 1. Let (rt)tg[o,i] denote parallel translation 
along 7 , thus r* G 0 T*M and tq = id, Vr* = 0. Let jl denote the law of (rtZt)te[o,i] on 

. The following result is well known. See |T 6 ] and, for (vi), [3 Theorem 4.17]. Although 
it is framed geometrically, it is in fact only a result about quadratic equations in matrices and 
Gaussian processes, as one can see by choosing a chart along 7 such that 0 ( 74 ) = Tt = id for 
all t. 


Proposition 3.1. The following are equivalent 

(i) Jt is invertible for all t e (0,1], 

(ii) Kt is invertible for all t G [0,1), 

(hi) there exists a path (At)ig[o 7 ) o,^ong 7 , with At G 0 Tf^M, solving the Riccati 

equation 

WAt + Aj T Rt = 0, (1 — t')At — y — id as t — y 1, 

(iv) there exists a path {Bt)t£{o,i] along 7 , with Bt G 0 Tf^M, solving the Riccati 

equation 

V Bt Bt T Rt — 0, tBt —y id as t —y 0, 


(v) Q is positive-definite on T-yH^’y, 
vi) we have 


exp 


(ut, RtVt) dt 


Moreover, under these conditions, we have 


fi{dv) < 00 . 


Ji=K*, VKt = AtKt, VJt = BtJt 


and for t < 1 

Jt = K, [ Kpa('u)(KpYdsKt,. 

JO 

It is standard that the condition that 7 is minimal implies already that Q is non-negative 
and that Jt is invertible for all t G (0,1). In this context then, condition (i) is equivalent to 
the condition that x and y are non-conjugate along 7 , that is, there is no non-trivial vector 
held (nt)tg[o,i] along 7 vanishing at the endpoints and such that V^vt RtVt = 0 for all t. In 
Section [71 we will generalize the equivalence of (i), (ii) and (v) to the sub-Riemannian case. 
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The following result gives three further characterizations for the Gaussian measure /i-y, 
which by Theorem II .31 describes the small-time fluctuations of the Brownian bridge in M. As 
in the preceding result, by choice of a suitable chart along 7, we can reduce to the case where 
M = with a( 7 t) = Tj = id for all t. The result is then of a standard type for Gaussian 
processes. See for example [21]. 


Theorem 3.2. Let M he a connected Riemannian manifold and let x,y ^ M. Suppose that 
there is a unique minimal path 7 G and that {x, y) is non-conjugate along 7. Then there 
exists a zero-mean Gaussian probability measure on with the following properties: 


(i) for s ^t, we have 


Vs ® vty-fdv) = JsJi Ky, 


(ii) for all continuous linear functionals (p on , we have 


(pivf y-fdv) = Q(0) 


where (p G is determined by (p{v) = Q{(p,v) for all v G , 

(hi) under the coordinate process v on satisfies a covariant linear stochastic dif¬ 

ferential equation over 7 of the form 


Vvt = Ttdbt AtVtdt, Vo = 0 , 


(iv) is absolutely continuous with respect to y, with Radon-Nikodym derivative 


dy^ 

dy 


(v) oc exp 


1 

2 


{vt, RtVt) dt 


(19) 


Moreover, any one of these properties characterizes y-y uniquely. 

The equivalence of (i) and (ii) will be established in a more general context in Section |H1 
Here is an illustrative calculation, taking advantage of the reduction to r* = id mentioned 
above. Suppose that y satishes (hi). Set Wt = KR^Vt, then dwt = KR^dbt, so 

wt= Kf^dbs. 

Jo 

Hence, for 0 ^ s ^ f ^ 1, 

[ Vs^vt y{dv) = Ks( [ KR\KR^ydr] Kp = JsJR^KR 
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Hence fi satisfies (i). 

We examine now how our result specializes in some simple cases. When M = with 
Euclidean metric, the analysis is trivial, because = fi-y for all e > 0. Then 

Js = sl, Kt = {l-t)I, Rt = 0, At = -I/{l-t) 


so the alternatives in Theorem 13.21 are simply some of the standard descriptions of the Brow¬ 
nian bridge in W^. 

In the case where M is a sphere or hyperbolic space, we can rewrite flT^ in the form 


dfl 


(y) oc exp 


Kd{x,yf 

2 





where K, the scalar curvature, is 1 for the sphere and —1 for hyperbolic space. Thus, on 
a sphere, the variance of the fluctuations is larger than in whereas, in hyperbolic space 
it is less. This does not contradict the tendency of Brownian paths to separate quickly in 
hyperbolic space because we are conditioning on the endpoint. Thus we tend to see those 
paths which have never deviated far from the geodesic. 


4 Laplace’s method on Wiener space 

In this section we prove Theorem 11.31 in the case where conditions ([5]) and ([6]) hold, following 
closely the method used by Ben Arons [6] to study the heat kernel in this case. It will 
suffice to consider the case where 9{z) = z for all 2 ; G The vector helds Xo,Xi,... ,Xm 

provide both a means to construct a diffusion process with generator eC starting from 

X and a parametrization of the set of hnite energy paths starting from x. Let 
be a Brownian motion in MR, which we assume is realized as the coordinate process on 
= {tc G C([0,: tco = 0} under Wiener measure P. Dehne a vector held Xq on 

M^ by 

771 

Xiix) = XHx) + -J2iXXUx),X,{x)). 

^ e=i 

Consider the ltd stochastic differential equation in 

771 

dxl = \fe Xi{xl)dBl + eXo{xl)dt, Xq = x. 
e=i 

This has a unique strong solution (a:f)fg[o,i], whose law on hi = (^([0,is /if. There is no 
explosion. Write for the set of Cameron-Martin paths h in that is to say, the 
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set of absolutely continuous functions h : [0,1] R™', starting from 0, such that 

\ht\‘^dt < oo. 

Given h G consider the differential equation in R*^ 

m 

d(j)t = '^Xi{(j)t)dhl, 00 = x. (20) 

e=i 

There is a unique solution 0(a:, h) = h))ig[o,i] in G. As we will show in Proposition 17.11 

in fact (j){x, h) G and 0(a:,.) maps onto H^. Recall that 7 is the minimizing path 

in H^’’^ and 7 is the projection of a bicharacteristic A. Dehne h G by hf = (A^, 

Then 7 = 0(a;, h) and 1(7) = \ht\‘^dt. We reserve the notation h for this minimizing control 

path from now on. For s G [0,1], we will write {(j)ts{.x, h))tg[s p for the solution to fl2UD starting 
from X at time s. We denote the derivative in x by (f>ts{x, h) and set Ut = (t>t{x, h). Then ut 
is invertible for all t and 

m 

dut = ^ V Xi{'yt)utdhl, uq = I. 

£=l 

Moreover, we have (plsi'js, h) = UtU~^. We can dehne a continuous linear map v : f2°(R”*) —)■ 
b}0 

m m 

Mw) = ^ (j)U'ys,h)Xi{-fs)dwl = ^Ut u-^Xe{-fs)dwl ( 21 ) 

e=i e=i 

where the integral is understood by a formal integration by parts. Set Fj = Vt{B) and note 
that Yi is a zero-mean Gaussian random variable in R'^ having covariance matrix Ci = UiCiul, 
where 

m „i 

Ci = J2 G) {ui^Xi{'yt))dt. 

£=1 

In [7] , Bismut called Ci the deterministic Malliavin covariance matrix. Gondition fllbp implies 
that Cl is invertible. This follows in particular from 061 p . Hence Yi has a density function 
with respect to Lebesgue measure on R'^, given by 

p{z) = ( 27 r)“'^/^(detC'i)“^'^^exp{ —(2 ;,C'j"^2;)/2}. 

^Since M = in the present discussion, can be naturally identified with a subset of P, but we 

will keep the distinction anyway. 
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Set@ 

m „i 

yf’ = E / '*) {V"^<(7i)(y<. y,)dh', + 2VX,(7,)y«iBf} , s = (Ai, vf). 

£=1 ■'0 

where the integral YtdBt is understood in the sense of ltd. Dehne a linear map r : —)■ 

by 

= {C^^u^^z,Ut^Xe{'yt)). 

Set K = {k E : Vi{k) = 0}. From fl^ we see that r maps onto the orthogonal 

complement of K in Moreover, vi{t{z)) = z and the restriction of the map rovi 

to is the orthogonal projection if°(R™') —)■ K^. Set 

Wt = B,-Wl, W; = Tt{v,{B)). (22) 

Then {Wt)t£[o,i] and (WDteio^i] are independent continuous Gaussian processes, and v^iW) = 0 
and W e almost surely. For 2 ; G R'^, set Wt{z) = Wt + Tt{z) and Yt{z) = Vt{W{z)) and 
S{z) = (Ai, y/^^(. 2 )), where 

m „i 

h'F) = E / h) {VW,(7,)(y;(j), Y,(z))dh‘, + 2VX,('„)nz)dW‘(z)} . (23) 

e=i 

We interpret the integral with respect to W{z) by writing 

Yt{z)dWt{z) = VtiB - W' + T{z))diBt - W; + Tt{z)) 

and expanding. The term Vt{B)dBt is considered as an ltd integral, while the remaining terms 
can be considered as integrals with respect to Lebesgue measure, sometimes after a formal 
integration by parts. It is straightforward to see^ using the same version of the ltd integral 
for all z, that the family of random variables (w (z) : z E R'^) is continuous in ; 2 . Also, Y(z) 
and (^) are independent of vi{B) for all z. Note that W{vi{B)) = B and Y{vi{B)) = y, 

/ON 

and that S{vi{B)) = S almost surely. Note also that y^^ (z) belongs to the sum of the 
zeroth, hrst and second Wiener chaoses in L^(r2°(R™'), P) for all 2 ;. By Theorem 18.51 we have 
E(e^‘^(^)/^) < 00 for all 2 ; G R'^ for some p > 1. 

Consider the function 


E{z) = d{x, zY/2 = inf I{u))/2. 

® Formally, we have 

Yt = = —Mx,h)iB,B) 

which may be seen by differentiating (I20|) twice in h in the direction B and solving the resulting equations by 
variation of constants. 
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As Bismut [TJ Theorem 1.26] showed, E is C°° in a neighbourhood N of y, with E'{y) = Ai. 
Following Ben Arons [6l Lemma 3.8], there then exists a function E G such that the 

map E + E has a unique and non-degenerate minimum at y, with minimum value 0. To see 
this, choose a neighbourhood Nq of y and a C°° function x of compact support such that 
^No ^ X ^ ^N- Fix a constant a > 0 and consider the function 


F{z) = xiz) {a\y - z\‘^ - E{y) - E\y){y - z)) + (1 - x{z)). 


Then E G and E{y) -|- E{y) = 0 and E'{y) -|- E'{y) = 0. Moreover, by choosing a 

sufficiently large, we can ensure that E"{y) + E'\y) is positive-dehnite and E{z) + E{z) > 0 
for all z ^ y, so E + E has a non-degenerate minimum at y, which is also its global minimum. 
We £x a choice of a function E with the given properties for the rest of the analysis. 

Set 7 ° = 7 and dehne ( 7 f)ie[o,i] for £ > 0 as the strong solution of the stochastic differential 
equation 

m m 

= + + 'rt = x. ( 24 ) 

e=i e=i 

By standard results on stochastic differential equations, for all t G [0,1] and all p G [l,C)o), 
the map e ^ : [0, cxo) —)■ L^(P) is continuous. Furthermore, we can and do choose versions 

so that, almost surely, the map a i-7 It : [0, cx)) —)■ is C°°. Moreover, the first and second 
derivatives at a = 0 then satisfy 


A 


It =yt, 


a=0 


A 


7r' = + z,, 


< 7=0 


Now the map /(a) = E{'yf) is C°° on [0, cx) and E{y) 


Zi= f (t)u{xuh)Xo{'^t)dt. 

Jo 

—d{x,y)^/2 and E'{y) = —Ai, so 


/(O) = F{y) 



/'(O) 


F'{y)Y, = 



and 

Set 


/"(O) = + Zi) + i'l). 


R{e) = / (1 - e)j'"(eXe)d0. 


Then, by Taylor’s theorem. 


t r< m rl 

f’(l-D = /(v5) = /(0)+Vi/'(0)+efi(e) = -- / h[dBl + ER(E). 

^ Jo Jo 
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Set 


x: 


7i - It 


and note that, for all t G [0,1], we have 7 ^ —)■ 1* as e —)■ 0 almost surely. For e > 0, consider 
the new probability measure on given by dP^/dP = pf, where 



Note that fIMl) can be rewritten in the form 

m 

dll = Ve Xi{-fl)dBf + eXoilDdt, 7o = ^ 
e=i 


where = Bf + hl/y/e. By the Cameron-Martin formula, under P"^, the process (i?j)tg[o,i] 
is a Brownian motion, so 7 ^ has law /if. 

At this point we modify the argument of Ben Arons by introducing a smooth cylindrical 
function G on hi which serves to keep track of the paths of the diffusion bridge. Fix ti,... ,tk G 
(0,1) with ti < ■ ■ ■ < tk and a function g on of polynomial growth. Set G{uj) = 

(/(cjfj,..., Dehne for 2 ; G and e > 0 


G,{z) = x,y + [ G(a;)/if’^+^^(dn;), 

Then Gg and Go are continuous integrable functions on M'^. Consider the Fourier transform 

Gg(0 = [ G,{z)edi’^Uz. 

jRd. 

Then 


^-F{y')lsQ /if’^'(dn;)e*<«’(^'-*')/^>d//' 

= E (G(a:^) exp{i(,^, xf) — F[x\)/e}) 

= E (G(7^) exp{i(e, 7f) - F{^l)le}p\) 

= E (G( 7 ^) exp{i(^, 7 ^) - /?(£)}) (25) 


Gs(0 = 



Jo. 


p{e,x,y' 
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and 


Jr<^ 

= E (G(y) exp{^(e, ri) + (^ + (Ai, Zi) - F"{y){Y,, Y,))/2}) 

= E(G(y)exp{*(e,yi)-/"(0)/2}). 

Consider the limit e —?■ 0. We have ^ Y^ almost snrely and in U’ for all p < cxd, for all 
t G [0,1]. Now R{s) —?■ /"(0)/2 almost snrely as £ —?■ 0 and we have the following key estimate 
proved by Ben Arons P, Lemma 3.25]: there exists p > 1 such that 

limsupE(e-^’^(")) < oo. (26) 

£— ^0 

Hence Ge{0 ^o(0 ^ ^ AVe will prove the following key lemma at the end of this 

section. 

Lemma 4.1. There exists a constant C{G) < oo such that, for all e G (0,1] and all f G 

HIP hflHP 

\Gm^C{G)/{l + \fr^). (27) 

Moreover, there exists G < oc such that, uniformly in s,t E [0,1], in the case where Gioj) = 
Icjs — , for all s G (0,1] and all f G we have 

iG.K)i$c-|s-(iv(i + ier'). (28) 

The lemma allows us to use dominated convergence in the Fourier inversion formula to 
deduce that 

G,(0) = (27r)-‘' [ GGOd^ ^ (2vr)-'' [ G^iOd^ = Go(0). 

jM.d, Jffid 

that is to say 

s'^/^p{e,x,y)e^^^’y'^G{2e) f G{uj)fi^^’y{duj) -E (27r)-‘^/2^det Ci)-^/2g{Ai,Zi>/2^^^^y^Q))g5(o)/2) 

JGn^’V 

(29) 

where we used the fact that p(0) = (27r) ^^{deiGi) On taking p = 1, we recover the 
heat kernel asymptotics shown by Ben Arons 

X, y)e^^-^y)Gdie) (2vr)-''/2(det (30) 

By Theorem 18.51 is the law of Y (0) on under the probability measure P, where 

dF/dF (X Hence, on dividing fl2^ by fl5UD . we obtain 

[ G{u)fil'y{du) [ G{uj)y^{du) 

JTjn^’y JT^n^’y 
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from which we deduce that the finite-dimensional distributions of converge weakly to 
those of /i-y. Finally, on taking G{uj) = and using the estimate (EH]), we find by 

Fourier inversion that 

X, f _ ujt\^(doo) = ^,(0) ^ C\s - t\\ 

Since the right-hand side in flHU]) is positive, we deduce that for some C < cxo we have, for all 

s,f e [0,1], 

sup f \us — ^ C\s — tf. 

£e(o,i] 

Hence, by standard arguments, the family of laws : e E (0,1]) is tight on and so 

py, weakly as £ —)■ 0. In particular, we also have /if’^ 6^, so the proof is complete. 


The idea is to integrate by parts in 


d -|- 1 times, using Malliavin 


Proof of Lemma f.L 

calculus. We will vary the argument of |H] in three respects. First, we will present the argument 
using Bismut’s integration by parts formula il E5] for solutions of stochastic differential 
equations. This is more direct and may be followed in detail without knowledge of the general 
apparatus of Malliavin calculus. Second, we will use the corrected argument [21] for the 
uniform non-degeneracy of the Malliavin covariance matrix. Third, we will include the simple 
modifications needed to go beyond the case G = 1 which is covered in [B]. Within the proof, 
we will use a few notations which conflict with usage elsewhere. 

Fix a = y/e > 0. Define processes (a;t)tg[o,i] in M'’* and (nt)ie[o,i]) (D)te[o,i] in R'’*® as 
the strong solutions of the following system of stochastic differential equations 


dxt = ''^^Xi{xt)dhl + aXi{xt)dB^ -|- (T^Xo(xt)df, Xq = x 

i=i i=i 

m m 

dut = XXi{xt)utdh\ -1- aXXi{xt)utdBl + a'^XXo{xt)utdt, Uq = I 


(31) 


i=i 


i=i 


dvt = - ^VtXXe{xt)dhl - cTVtXXe{xt)dBl - a\ I XXo - I {xt)dt, vo = I. 

£=1 i=l I £=1 J 

(32) 


f-i-< 2 1 

Then Xt = 7^ and, by Ito’s formula, Vt = uf for all t. It is well known that the random 
variables sup^g^.i] \^t\y sup^g^,!] 1^*1 and sup^gjo^j |nt| have moments of all orders, which are 
bounded uniformly in a G [0,1]. 

Consider the following stochastic differential equation in with G°° coefficients 

m m 

dzt = E Wi{zt)dhl + ^ Ze{zt)dBl + Zo{zt)dt, zq = z. (33) 

£=1 £=1 
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We assume that the coefficients have a graded Lipschitz structure. By this we mean that the 
coefficients and all their derivatives satisfy polynomial growth bounds, and that there exist 
/c G M and Ni, ..., Nk ^ N and a decomposition zt = {zj, , z^) such that Ni + - ■ ■ + Nk = N , 
and, for j = 1 ,..., fc, the component zl takes values in and, for all i, the corresponding 
components and Zl of the coefficients depend only on {z^,...,z^), with dWl/dz^ and 

dZl / dz^ uniformly bounded. We will allow the coefficients in fl5^ to depend measurably on 
a and t, without making this explicit in the notation, while assuming that the bounds in 
their graded Lipschitz structure hold uniformly in a G [0,1] and t G [0,1]. This is sufficient to 
ensure the existence and uniqueness of a strong solution to (l33|) such that sup^gjQ \zt\ 

has moments of all orders, bounded uniformly in a G [0,1]. See [25] for more details. 

Fix i G {1,..., d} and consider for 77 G M a perturbed process in given by 

dBf = dBl + i^{vtX,{xt)Ydt, B^ = 0. 

Write 1 ] for the strong solution of the stochastic differential equation which is obtained 

when we replace (i?t)tg[o,i] in fl33|) by this perturbed process. We can and do choose a version 
of the family of processes {z^)t£[o^i] which is almost surely C°° in 77 . We associate to {zt)te[o,i] 
the derived process {z'Yteio,!] = ■ ■ ■, in ® given by 

(YY = {d/dv)\r,=ozl (34) 

Then iYYem satishes the following stochastic differential equation in 0 

mm m 

dz[ = Y, VWt{zt)z[dhl + VZ,{zt)z[dBl + VZo{zt)z[dt + Z,{zt) 0 {vtXt{xt))dt. (35) 
£=1 1=1 £=1 

Dehne processes {mt)t£[o,i] in K and (7"t)tg[o,i] in by 

m 

drut = h^dBl, tuq = 0 
1=1 

m 

drt = YvtXi{xt)dBY tq = 0 . 
e=i 

Write (a:()tg[o,i] for the derived process associated to the stochastic differential equation flTI]) 
and set 

2 /® = {xtAh,- ■ ■, XtAt^.Xt, vt, mt, n, xl). 

Then ( 2 /f )t 6 [o,i] satishes a stochastic differential equation of the form (l33|) . The stopped 
components are obtained by multiplying the coefficients of (l3T|) by the indicator function 
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l[o,t.](t). For 77, ^ 0, recursively, set > 2/1”^)) note that (zj"'^)tg[o,i] satisfies 

a stochastic differential equation of the form fl33l) with graded Lipschitz coefficients, define 
by solving the associated derived equation, write = ((l/®)^, • • •, (2/^”^)t), 

and set 

Where a process is presented in componentSj for example r/Pt we will write the corresponding 
decomposition of its derived process in the obvious way. Thus 




= X 


tAti 1 


^tAtk ’ • 




It is straightforward to check that this notation is consistent when a given process is a com¬ 
ponent in two different autonomous processes. By a standard calculation, we have x[ = autCt, 
where Ct is the Malliavin covariance matrix 


Ct = 


m 

/ (vsXeixs)) <8 {vsXe{xs))ds. 
e=i ■'0 


(36) 


It is well known that, under the bracket condition (|2]), the Malliavin covariance matrix ci is 
invertible and its inverse has moments of all orders. The basic form of Bismut’s integration 
by parts formula is the identity in 


E(V0(zi)4) = E(0(zi)ri) 

valid for functions 0 on and for ( 2 ; 4 )ig[o,i] and {z[)t£[o,i] satisfying fl55]) and fl5^ respec¬ 
tively. Set 

xi = (xi — yi)/^, x[ = x\/a = uiCi, x'[ = x[/a. 

Define random variables y in 0 and i? in M by 

y = (^^)"^ R = + ld{x, yf)/a‘^ + mi/a 

and define y' in (M'’*)* (8) (M'’*)* (8) and R' in by 

y' = -yx'ly, R' = VF{xi)x[/a'^ + m[/a. 

Fix n ^ 0 and apply the integration by parts formula with replaced by (4”ye[o,i] 

and with (j){zi) replaced by f{xi)y(j){y,z^'*)e~^ to obtain 

E(7/ 0 {yf{xi)x[)(j){y, 2;^)e"'^) + E{f{xi)y'(j){y, z^^^)e~^) - E(/(xi)0(7/, z^^^){y 8) R')e~^) 

+ <8 (Vy0(|/, + E{f{xi)y 8) {X,(j){y, z['"^){z^^'^)[)e-^) 

= E{f{xi)(j){y, z["'^){y 8 ) ri)e~^). 
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We assume here that / is and that cj) is polynomial in y, with coefficients in 
and of polynomial growth, along with their derivatives. Then all factors in the integrands of 
the preceding formula have moments of all orders. A straightforward approximation by 
functions then establishes the formula. Dehne a linear map : (W^)* 0 0 —)■ R by 

Ti(e* 0 e*, 0 Cj/) = 


Then 


Ti{y0 (V/(xi)x'J) = Vif{xi) 


so 

where 


(37) 


V-0(|/, = Ti{y (8) ri + yx'[y + y0 R')(t){y, 

+ Ti{y 0 (Vj; 0 ( 2 /, zf^)yx'[y)) - Ti{y 0 {V^(j){y, z[''^){z^^^)\). 


Take 

= G'(2/,4°^) = G(x) = g{xt,,...,xtj. 

We see inductively that (1^ is valid for ... V*^0o for all n ^ 0. So we can iterate 

dSID to obtain, for any multi-index a = {ii,... ,in) 

E{Vyix^)G{x)e-^) = E{f{x,){VTG{y,z[^'>)e-^). 

We take f{x) = to deduce that |.^"||G£(.^)| ^ Cs{a,G) where 

C,(a,G) = E(|(V)“G(!,,2!”>)|e-®). 

Now y = c{^vi and (V*)"G is of polynomial growth in Given the estimate ([26]), to 

prove IHTh . it will suffice to show that, for n = d -|- 1 and for all p < oo, we have 

sup E(| 2 ;|”^|^) < oo (38) 

o-e(o,i] 


and 

sup E(|ck^|^) < oo. (39) 

0 - 6 ( 0 , 1 ] 

We already noted the availability of moment estimates of all orders for and that these 
are uniform in a G [0,1] for the components derived from (nj^gp,!] and (rt)tg[ 04 ]. Recall that 
Xt = {xt — 7t)/cr and R = {F{xi) -|- d{x, yY/2)/a‘^ + rrii/a. We will use hrst and second order 
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mean value theorems to see that there is in fact no singularity as a —)■ 0 in these processes or 
any processes derived from them. Consider, for 6 G [0,1], the stochastic differential equation 
in 

m m 

dxt{9) = X^{xt{9))dhl + ^ 9(jX^{xt{9))dBl + 9^a^Xo{xt{9))dt, xq{9) = x. 

e=i £=i 


There exists a unique family of strong solutions (a;t( 6 '))tg[o,i] which are almost surely jointly 
continuous in 9 and t. Moreover, the following derivatives then exist for all 9 and t, almost 
surely 

m itw = ^ (^) MD)- 

Moreover, the processes (xfand {xt{9))t£[o,i] satisfy 

m m 

dxt{9) = Y^Mxt{9))xt{9)dh^, + Y^(^^Mxt{9))xt{9)dB^t + 9^a^VXo{xt{9))xti9)dt 

i=l i=l 

m 

+ + 29aXo{xt{9))dt, xo{9) = 0 

i=l 

m m 

dxt{9) = Y^Mxt{9))xt{9)dh^t + Y^(^^Mxt{9))xt{9)dB^t + 9^a^VXo{xt{9))xt{9)dt 

i=l i=l 

m m 

i=i i=i 

+ 9'^a^V^Xo{xt{9)){xt{9),xt{9))dt 

m 

Y 2VXe{xt{9))xt{9)dBl + 49aVXo{xt{9))xt{9)dt 


i=i 


+ 2Xo{xt{9))dt, xo{9) = 0. 

Set Zt{9) = {xt{9), Xt{9), Xt{9)). Note that the process ( 2 ;i( 0 ))ig[o,i] is the solution of a stochastic 
differential equation with graded Lipschitz coefficients, and that the coefficient bounds of the 
graded structure are uniform in 0 G [0,1] and a G [0,1]. Hence ( 2 : 4 ( 6 '))tg[o,i] and its derived 
process {z[{9))t(z[o^i] have moments of all orders, and these are bounded uniformly in 9 and a. 
Now 


and 


xt = {xt - ^t)/o- = / Xt{9)d9 


R= / {l-9){F\x,i9))x,{9) + F'\x,i9)){x,{9),x,{9))}d9. 


( 40 ) 
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We can take the derivative in fIMl) under the integral sign in (HHll to express R' also by such 
an integral over 6, with integrand expressed in terms of zi{9) and z[{9). Hence supjgjo^ij |xt|, 
R and R' have moments of all orders which are bounded uniformly in a G (0,1]. The same 
reasoning can be extended to conclude that all processes derived from (a;t)tg[o,i] and R have 
moments of all orders bounded uniformly in a G (0,1]. Alternatively, it can be observed 
that {xt, x[,Vt/(J, x”/a,m”/a) satishes a stochastic differential equation with graded Lipschitz 
coefficients, with bounds uniform in a G (0,1], and from this observation we can draw the 
same conclusion. Hence we have shown fl38|) . 

We turn to the proof of ([39]). Write (nt(0))tg[o,i] for the solution to (l32|) when a = 0. 
Recall that 

m „i 

Cl = ^ / {vtXe{xt)) (8) {vtXi{xt))dt 
£=i ■'0 

and note that Ci depends continuously on {xt, njigpp] in uniform norm. We have assumed that 
the deterministic Malliavin covariance matrix ci(0) is invertible. Hence there are constants 
C < oo and <5 > 0 such that |c]"^| ^ C on the event 

^('^) = {\^t — 7t| ^ and \vt — ■yt(0)| ^ 5 for all t G [0,1]}. 

By standard U' estimates for stochastic differential equations, for all p < cxd, there is a constant 
C{6,p) < oo such that, for all a G (0,1], 

P(H((5)") ^ C{6,p)aP. 

On the other hand, it is shown in |3] that, for all p < oo, there are constants C'(p) < oo and 
H G N such that, for all a G (0,1], 

llo^llp ^ C{p)a~^. 

Now |c]”^| ^ O + |c]'^|lo( 5 )c so, by Holder’s inequality, for all p < oo and all a G (0,1], 

llcrip ^ O + C'(2p)C'(h, 2Zlp)i/2p. 

Finally, consider the case where G{oj) = for some s,t G [0,1]. Set = Xt and, 

recursively for n ^ 0, set = {xt, {xG)y^y Then, by standard estimates, for all p G [1, oo), 

there is a constant O < oo such that, uniformly in s, f G [0,1] and in a G (0,1], we have 

The adjoint operators V* have an explicit form written above, from which we deduce that, 
for all n and for a = (ii,..., there is a random variable Ka, having moments of all orders 
bounded uniformly in a G (0,1], such that 
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Hence, by Holder’s inequality, there is a constant Ca < oo such that, uniformly in G [0,1] 
and in e G (0,1], we have 

C,{a,G) ^ C'„|s-t|2. 

This implies (128|) . □ 

5 Localization 

Having established the conclusion of Theorem 11.31 under the global condition (j6]), we now 
show that it extends to general manifolds under a condition (ITT]) which limits the probability 
that the bridge strays too far from the minimal path. At the same time we obtain that this 
condition allows the extension of the small-time equivalent for the heat kernel. In the next 
section, we will hnd conditions on the operator which imply (ITT]) . 

Theorem 5.1. Let M be a connected C°° manifold. Let C he a second order differential 
operator on M of the form (]Tj) 

i,j=l i=l 

where the diffusivity a has a sub-Riemannian structure (Xi,... ,Xm). Suppose that x,y E M 
are joined by a unique minimal path 7 and that (x, y) lies outside the cut locus. Suppose 
further that there is a chart (p : Uq ^ of M and a domain U in M, containing 7 and 
compactly contained in Uq, such that 

\imsup e \ogp{e, X, M \U,y) < —d{x,yY/2 (41) 

£—^0 

where p{e, x, M \U,y) = p{e, x, y) — pu{£, x, y) and pu{£, x, y) is the Dirichlet heat kernel in 
U of the restriction of C to U. Then, as e —?■ 0, we have 

p{e, X, y) = c{x, exp{-d(x, yf/{2e)]{l + o(l)) 

and —)■ weakly on T.yLl^’y. 

Proof. It will suffice, and it will lighten the notation, to consider the case where Uq is a domain 
both in M and in M'’*, where 0 is the identity map, and where 6 restricts to the identity map 
on U. We will show that there exist vector helds Xq, Xi, ..., Xm+d on M'’*, which are bounded 
with bounded derivatives of all orders and such that 

(a) (Ai,..., Xm+d) is a sub-Riemannian structure on M'’*, 
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(b) we have a = a and C = C on U, where 


c = -^x^ + x„ 

^ e=i 

and where a and a are the diffusivities of C and £ respectively, 

(c) 7 is the unique a-minimal path in 

From these properties, given that {x, y) lies outside the cut locus of C in M, we deduce that 
(x, y) also lies outside the cut locus of C in Write p for the heat kernel of C on and 
write for the bridge measure on associated to the operator eC. Similarly, 

write for the rescaled bridge measure on given by o where 

(Ts(Lj)t = (ujt — Then, as we showed in Section 01 as e —)■ 0, we have 

X, y) = c(x, y)e~'^/^ exp{-d(x, yf/{2e)}{l + o(l)) 

and 5^ weakly on and —)■ weakly on 

Write for the diffusion bridge measure on associated to the restriction of the 

operator eC to U. Then, for all measurable sets A in r2*’^(M), we have 

p{e, X, y)pi-y{A) = Pu{e, x, ;/),<?'-"(A n + p(£, x, y)pi-y{A \ 

and 

p{e, X, n n^^y{U)) = pu{e, x, y)yt’^^^{A n n-^y{U)). 

For any bounded measurable set B in T^Q^’y and for e > 0 sufficiently small, we have a7^(B) = 
a-\B) C n^’y{U), so 

p{e, X, y)p^py{B) = p{e, x, y)p^py’^\B). 

Now yfy’^‘‘{Q^’y{U)) —)■ 1 so, taking A = r2^’^(M), we hnd 

Pui^, X, y) = c(x, y)e~‘^/^ exp{-d(x, yY/{2e)]{l + o(l)) 


and, using (14T1) . 

p(£, X, y) = pu{e, X, y) + p{e, x,M\U,y) = c(x, y)e~'^^‘^ exp{-d(x, yf/ (2e)}(l + o(l)). 

Moreover, for all B G T^Vt^’y^ we then have pfy{B) = pfy’^‘^{B){l + o(l)), so the claimed 
weak limit for follows from that for 

It remains to show the existence of vector helds Xq, Xi,, Xm+d with the claimed prop¬ 
erties. Fix an open set Ui such that U is compactly contained in f/i and f/i is compactly 
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contained in Uq. There exists a function x on such that 1(7 ^ x ^ 1 ^ind which is uni¬ 
formly positive on Ui and such that {x > 0} is compactly contained in Uq. Write Xq for the 
vector held on M given by ([5]). For £ = 0,1,..., m, set Xi{z) = x{z)Xi{z) for z eUq and set 
Xilz) = 0 for z G \ I/q. Then W is a bounded vector held on with bounded derivatives 
of all orders. Dehne a = ® write I for the associated energy function. Then 

/(cj) ^ for all u G with equality if u is contained in U. Moreover, by choosing 

X sufficiently small near dUi, we can and do ensure that, for all ^ G dUi and all u G 
we have I{u) > /(y). Choose now another C°° function x on such that ^ 1 — x ^ Ic/q 
and such that x + X is everywhere positive. For i = 1,..., d, set Xm+iiz) = xiz)ei, where 
ei,..., Crf is the standard basis in M'^. Then the brackets of Xi ,..., Xm span on {x > 0}, 
while X-rn+i, ■ ■ ■, ^m+d themselves span R^ on {x > 0}. Hence (a) holds. Also, (b) holds 
because Xi = X^ on U for i = 0,1,... ,m and X^ = 0 on U for £ = m -|- 1,...,m -|- d. Now, if 
ui G is contained in Ui, then I{uj) = I{uj) ^ /(ca), so I{uj) ^ /(y) with equality only 

if cj = y. On the other hand, if to is not contained in Ui, set r = inf{f G [0,1] : ca,- G dUi} 
and set Cot = oOrt- Then d) G where z = tOr E dUi. So I{to) ^ /(a)) > /(y). Hence 

(c) holds. □ 

6 Heat kernel upper bounds 

Let M be a connected C°° manifold. Consider a second order differential operator £ on M of 
the form (]5|) 

£/ = idiv(aV/) + a(/3,V/) 

where the diffusivity a has a sub-Riemannian structure (Xi,... ,Xm), where the divergence 
is understood with respect to a positive C°° locally invariant measure u and where /3 is a 
1-form satisfying the sector condition ([7]). Recall the dehnition (|3]) of the sub-Riemannian 
distance. For a closed subset K oi M and x,y E M \ K, consider the distance from x to y 
through K, given by 

d{x, K, y) = inf{ : to G tJt E K for some t E [0,1]}. 

The heat kernel for diffusion from x to y through K is dehned by 

p{t, X, K, y) = p{t, X, y) - Pm\k(C x, y) 

where Pm\k is the Dirichlet heat kernel of £ in M \ iC. We will prove in this section the 
following upper boundE 

®In the case where a is everywhere positive-definite, there is an alternative argument of Hsu |12j for heat 
kernel upper bounds in incomplete manifolds, relying on estimates of Azencott [4], which does not require the 
condition 0. Hsu instead requires that d{x,y) ^ d{x,oo) + d{oo,y). The same paper [12] also contains an 
example where heat flow does not localize near the shortest path. 
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Theorem 6.1. For all x,y & M and all closed subsets K of M, we have 


\imsuptlogp{t, X, K,y) ^ —d{x,K,yY/2. 

t —>-0 

Before giving the proof, we show how this estimate allows us to prove Theorems II.1111.21 
and 11.31 

Proof of Theorem li.il The upper bound in flTOl) is the simple case K = M oi Theorem 16.11 
while the lower bound follows by a standard argument from Leandre’s lower bound in 
We turn to the proof of flTT]) . Consider the operator 

C = C + \{d/dTY 

on M = M X M, where r denotes the coordinate in R. Then the diffusivity of C also has a 
sub-Riemannian structure. Set x = (x, 0) and y = {y, 1), and dehne 

K = M\U, 1/ = {(7t, aO : (7, a) G f(<5), t G [0,1]} 

where ^ 

f(h) = I (7, a) G X ; Hi) + ^tdt < d{x,yf + l + 5 

Then K is closed in M. Write for the law on 12°’^ (R) of a Brownian bridge from 0 to 1 of 

speed £. Then, with obvious notation, 

X, y) = p{t, X, yf^iduj, dr) = iaf^{du)fdH{dT). 

V 27r 

By Theorem 16.11 we have 

limsup t logp(i, X, K, y) ^ —J(x, K, y)^/2 = —(d{x, yY + 1 + 5)/2 



so 


limsup £ logr) : {uJt,Tt) G K for some t G [0,1]}) 

£—^0 

^ limsup £ logp(£, X, K, y) — liminf e logp(£, x,y) ^ —5/2 (42) 

£^0 


where we have used the lower bound from (ITOl) . By standard estimates, we also have 

lime log/9°’^({r : |rt — t\ ^ ^5/2 for some t G [0,1]}) = —5/2. (43) 
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Suppose then that u G and r G satisfy {uJt,Tt) G U and \Tt — t\ < \f5/2 for all 

t G [0,1]. Then, for each t G [0,1], there exist s G [0,1] and 7 G H^’’^ and a G such 


that 


= 7s 


Tt = (Js 


1 ( 7 ) < d{x,yf + S, 


aidr < 1 + (5. 


Then la^ — s| ^ \fd/2 so \t — s\ ^ Vd and so 

d{ut,Tt{6)f ^ d{ujt,'ytf = d{js,ltf < \t - s|/( 7 ) ^ 6^^‘^{d{x,yf + 6). 


The estimates fH2]) and (IT5]) thus imply (fTTD . □ 

Proof of Theorems \1.^ and \1.3[ . The hypothesis that 7 G is strongly minimal implies 

that, for any domain U containing 7 , we have d{x, M\U,y) > d{x, y). We can choose a chart 
Uq in M and a domain U containing 7 such that U is compactly contained in Uq. We suppose 
that C has the form ([H]) and satishes the sector condition ([7]). Then Theorem 16.11 applies to 
show that 


limsupf logp(f, X, M \ U,y) ^ —d{x, M\U, yY/2 < —d{x, yY/2 

t^o 

and Theorem 15.11 then gives the desired conclusions. □ 

In proving Theorem 16.11 we will use the following estimate of Nagel, Stein & Wainger 
[23] for the sub-Riemannian distance. There is a covering of M by relatively compact charts 
(j) : U —)■ such that, for some constants a{U) > 0 and C{U) < 00 , for all x,y E U, we have 

C-^\(j){x) - (j){y)\ ^ d{x,y) ^ C\(j){x) - (j){y)Y. 

If follows that, for any positive C°° measure u on M, we can choose C{U) so that moreover, 
for all a; G 17 and all r G (0, cx)) such that R(x, r) = {?/ G M : d{x, |/) < r} C U, we have 

C-^r^/a ^ r)) ^ Cr^^ (44) 

In particular, C{U) may be chosen so that the following local volume-doubling inequality 
holds: for all x G 17 and all r G (0, 00 ) such that R(x, 2r) C U, we have 

o{B{x,2r)) ^ Cu{B{x,r)). (45) 

We will also need the local Poincare inequality proved by Jerison [T3] , which also relies on the 
fact that a has a sub-Riemannian structure. There is a covering of M by open sets U such 
that, for some constant C{U) < 00 , for all x G 17 and all r G (0, 00 ) such that i?(x, 2r) C U, 
for all / G C^{M), we have 


' B{x,r) 


\f - {f)B{x,T)?dio ^ 


' B{x,2r) 


a(V/,V/)dz/ 


(46) 
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where (/)b = Ib fdh'/h'{B) is the average value of / on B. The sector condition (JTj) gives us 
uniform parabolicity in the sense of Sturm, so fH5l) and fH6l) allow us to apply [2H1 Theorem 
2.1] to obtain the following parabolic mean-value estimate. For simplicity, we will state a 
simple version adequate for our needs. Let a; G M and let tq G (0, cxo). Let H be a domain in 
M which compactly contains the ball B{x, tq). Suppose that n is a non-negative weak solution 
of the heat equation {d/dt)ut = Cut on (0, cxo) x D. Then there is constant C{D,ro) < oo 
such that, for all t G (0, cxo) and all r G (0, Tq] with ^ t/2, we have 


Utixf ^ C 


t-r^ 


vzdvds. 


B{x,r) 


(47) 


See Lierl and Saloff-Coste m Theorem 2.6] for an alternative proof, which clarihes some 
points in the non-symmetric case. 

The sub-Riemannian distance has a dual formulation, proved in Jerison & Sanchez-Calle 
[TS] . which we adapt to the case of a general sub-Riemannian manifold, without completeness, 
and to the distance through K. 


Proposition 6.2. For all x,y E M and any closed subset K of M, we have 


d{x, K, y) = sup{t(;■*■(?/) — w (x) : w , w~^ G B with w~^ = w on K} 


where B is the set of all locally Lipschitz functions w on M such that a(Vta, Vw) ^ 1 almost 
everywhere. 

Proof. Denote the right hand side by 6{x,K,y) for now. Suppose that u G has driving 
path ^ and that Ut G K. Let w~,w~^ G with = w~ on K. It will suffice to consider 
the case where u is simple, when there exists a relatively compact chart U for M containing 
u. Then, given e > 0, since a is continuous, we can hnd functions /“, /■*■ on U such that 
If'^iz) — ^ £ and a(V/^, V/^)(. 2 ) ^ 1 -|- £ for all .2 G U. Then 

w+{y) -w~{x) = (y) - (ut) + w~ (ut) - w~ (x) ^ f+{y) - f+{ujt) + f~{ujt) - f~{x)+Ae 


and 


f^{y) - f^i^t) + f {ujt)-f (x) 

= / {'Vf~{Us),UJs)ds + I {Vf^{Us),UJs)ds 

Jo Jt 

= / {Vf~{us),a{us)fs)ds + / {Vf^{us),a{us)Qds 

Jo Jt 

/ft pI \ 1/2 

^ / a(Vr,V/-)(a;,)ds+ / a{Vf+f+){ujs)ds 


n \ 1/2 

a{fs,Qds 


^ {1 + e)^/l{uj). 
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Hence w^{y) — w~{x) ^ On taking the supremum over w'^ and the inhmum over ca, 

we deduce that K, y) ^ d{x, K, y). 

Now we prove the reverse inequality. Choose a C°° quadratic form a on T*M which is 
everywhere positive-dehnite. Consider the energy function and the distance functions da 
and da obtained by replacing a by a + a in the dehnitions of d and 6. Set w~^{z) = da{x, K, z) 
and w~{z) = da{x, z). Note that w~^ = w~ on K. Since a + a is positive-dehnite, the functions 
w~ and w~^ are locally Lipschitz, and their weak gradients satisfy (a-|-a)(Vtc^, ^ 1 

almost everywhere. Hence 

da{x,K,y) = w"^{y) -w~{x) ^ 5aix,K,y) ^ 5{x,K,y) 

and we can complete the proof by hnding, for each e E (0,1], a choice of a so that d{x, K, y) ^ 
(1 -|- e){da{x, K, y) + e) + s. 

Choose 0“ G passing through K and such that \jla{4’'^) ^ da{x,K,y) -|- e. There 
exist p G N and C°° vector helds Yi,... ,Yp on M such that a = ^ Yi®Yi. Then there 

exist h G and k G H^{W) such that 0" has weak derivative^ 

m p 

£=1 i=l 

By reparametrizing 0“ if necessary, we may assume that \ht\‘^ + for almost all 

t. It will be convenient to assume that d{x,oo) ^ 1/2, which we may do without loss of 
generality by a scaling argument. Dehne S^i = Sq = ^ and consider for n ^ 1 the compact 
set 

Sn = {z E M : d{z, x) ^ 2"' and d{z, oo) ^ 2“"'}. 

Dehne, recursively, sequences of times Iq, ti,..., tj, points Xi,... ,xj and pi,..., yj, and pos¬ 
itive integers rii,... ,nj as follows. Set to = 0 and ni = 1. For j ^ 1, set Xj = 0^_^, dehne 

j by the diherential equation 

m 

= Xj 

£=l 

and set yj = (pl., where 

tj = inf{t ^ tj_i : (pl E dSn^-i U dSn^+i} A 1. 

If tj < 1, then set 

_ (rij - 1, if yj E dSn^-i, 

\nj 1, if yj E dSn^+i- 

^°See the discussion preceding ProDOsition l7.ll 
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Thus Uj G dSuj+i- If tj = 1, then set J = j and stop. We will see below that the recursion 
does stop. Note that, for all j and all s,t E [tj-i,tj] with s ^ t, we have 

s)||h|loo- 

Note also that Xi = (^q = x E C Sm+i \ S^-i and = Xj for all j. Suppose, 

inductively for j ^ 1, that Xj E Sn^+i \ Sn^-i- Then remains in this set for t E [tj-i,tj) 
and, by choosing a sufficiently small on Snj+2 \ Snj-2, we can ensure that 

(j)^) ^ ^ t E tj\. 

Then, in particular, we have dijjj^Xjj^i) ^ 2 “"''’+i- 2 _ Now Uj E dSn^j^^ so this implies that 
Xjj^i E Snj+i+i \ Sjij+i-i and the induction proceeds. Also, since yj+i E dSnj+2y have 
d{yj,yj+i) ^ and so d{xj+i,yj^i) ^ Certainly d{xi,yi) ^ so, for all 

j ^ 1, we have d{xj,yj) ^ 2“"'-’'“^. Hence 

and so, for all n ^ 1, we have nj = n at most 2^+^llhlloo times. In particular, the recursion 
must stop, or nj oo as j ^ oo forcing to leave all compact sets, which is impossible. 
Hence 

J—1 OO 

'^d{yj,Xj+i) + d{yj,y) ^ ^2’"+^||h||oo.2"^”"^e = e||h||oo- 

j=l n=l 

Also, there exist j and t so that t E [tj-i,tj] and 0“ G K, and then 

d{xj,K,yj) ^d{xj,(l)l)+ 2d{4)l,(l)t)+ d{4)l,yj) < (tj - tj-i)\\Hoo + £ 
while, for k ^ j, we have the estimate 

d(^Xky l/fc) ^ (tk ffc—i)||h||oo' 

We hnally combine these estimates, using the triangle inequality, to obtain 
d{x,K,y) ^ (1 + e)\\h\\oo + £ < (1 + e){da{x, K,y) +£)+£. 

□ 

Proof of Theorem \6 . 1{ We will show that the argument used in [26l Theorem 1.2], for the case 
where a is positive-dehnite and /? = 0, generalizes to the present context^ . Consider the set 

^^The idea is to combine a standard argument for heat kernel upper bounds with a reflection trick. In terms 
of Markov processes, we give a random sign to each excursion of the diffusion process into U, viewing it as 
taking values in D~ or D'^. Then a generalization of the classical reflection principle for Brownian motion 
allows to express the density for paths from a; to y via K in terms of this enhanced process. In fact the heat 
kernel p for this process may be written in terms of p and pu, and we find it technically simpler to define p in 
those terms, rather than set up the enhanced process. 
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M = M~ U M~^, where = K U and D~, D~^ are disjoint copies oi D = M \ K. Write 
TT for the obvious projection M M. For functions / dehned on M, we will write / also for 
the function / o tt on M. Thus we will sometimes consider a as a quadratic form on T*D^ 
and as a 1-form on D^. Dehne a measure z/ on M by 

iy{A) = ^{A n K) + n D~)) + |z/(7r(A n D~^)). 

Note that v = i) o 7r“^. Now dehne 

{ p{t,x,y) +pD{t,x,y), iix.yeD^, 
p{t, X, y) - pD{t, x,y), if X e and y e D^, 
p{t, x,y), ii X ^ K OT y E K. 

Given functions E C^(M) with f~ = f~^ on K, write / for the function on M such 

that / = /=*= o tt on M=‘=, and set / = (/“ -|- and = (/+ — f~)/2. Let 0=*= E C^{M) 

with 0“ = 0+ on iF and dehne 0 on M and 0 and (j)^ on M similarly. Dehne for t G (0, oo) 
functions Ut on M, Ut on M and uf on D by 

ut{x)= p{t,x,y)f{y)i){dy) 

J M 


and 


ut{x)= / p{t,x,y)f{y)u{dy), 

J M 


Ut{.x)= / pD{t,x,y)f {y)v{dy). 


' M 


Then ut and uf solve the heat equation with Dirichlet boundary conditions in M and D 
respectively. It is straightforward to check that Ut = uf o tt on where uf = Ut± uf and 
we extend by 0 on K. Hence 





du 


and so 


A 

dt 


' M 

1 

~2 

1 

~2 


d_ 

dt 


' M 


A 

dt 


— I (j)Utdi> = — I (j)Utdiy + — / dv 


' D 


’ M 


a{'V4>,'Vut)du + I a{4>(3,'Vut)du — - j a(V4>^,'Vu^)du + / a{4>^(3,'Vuf)di> 


’ M 


ID 


ID 


a(V(j), Vut)di> 


a{4>l3, Vut)dv. 


(48) 


' M 


IM 
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Fix x,y E D and ro G (0, cxo) so that the balls B{x,ro) and B{y,ro) are compactly 
contained in D. Write x~ and y~^ for the unique points in D~ and respectively such that 
7i{x~) = X and n{y~^) = y. Fix r G (0,ro] and set 

B~ = {z E D~ : ^{z) E B{x,r)}, B^ = {z E : ^{z) E B{y,r)}. 

Consider the set of pairs of bounded locally Lipschitz functions {w~,w^) on M such that 
w~ is constant on B{x,r), w~^ is constant on B{y,r), w~ = on K and a(Vtc^, ^ 1 

almost everywhere. Set 


dr{x, K, y) = sup{tc■*■(?/) — w (x) : {w , w^) E J>}. 

Fix {w~, w^) G and dehne a function tc on M by setting w = o tt on Take /“ = 0 
and choose supported on B{y,r) and such that pdu = 2. Then jj^pdu = 1. Fix 

5 G [0, oc) and 9 eM. and set -0 = 9w. We deduce from fHS]) by a standard argument that 


A 

dt 


{e^utfd9 = - a{V{e‘^^Ut),Vut)du + 2 a{^e^^Ut,Wut)di> 


' M 


IM 


' M 


= — a{'Vut,Vut)e^'^du + 2 / a{{l3 — Vilj)ut,VUt)e^'^dv 


IM 


' M 


^ / a{(3 -Vi)){e^utfdi) / {e^utfdu 


' M 


IM 


where A 
have 


|a(/3 — VV^, /3 — V'^)||oo ^ (1 + d)6‘^ + (1 + ^/d)\\a{(3, /S)||oo- So, by Gronwall, we 
[ {e^utfdu ^ [ {e^ffdu = 


' M 


' M 


and so 


u^tdu ^ 


J B- 

Moreover, since ^ 0 and {d/dt)u~[ = Cu^ on (0, cxo) x D, by the parabolic mean-value 
estimate, there is a constant C^D^Tq) < oo such that, for all t G (0, cxo) and all r G (0,ro] 
with ^ t/2, we have 


ut{x f 




uldi>ds ^ Ch'{B{x,r)) 


1^2e{w+{y)-w {x))+\t 


Set Vt{z) = p{t,x, K, z), then {d/dt)vt = tvt on (0, cxo) x iA, where Cf = Adiv(aV/) — 
a(/3, V/). So, by the parabolic mean-value estimate again, we can choose C'(ZA,ro) so that 

p{t,x,K,yf 'f 

J t—r"^ 


p{s, X, K, zYu{dz)ds = C 


B{y,r) 


t-r^ J B+ 


p{s,x ,zyi'{dz)ds. 
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Assume now that ^ t/4. For each s E [t — we may take /■*■ = cp{s,x, K, .)lB{y,r), 

where c is chosen so that f'^du = 1. For this choice of /■*■, we have 


Us{x f 



p{s,x ,z)‘^i>{dz). 


Hence 


p{t,x,K,yf ^ Cu{B{y,r)) 


-1 


Us{x yds 


t-r^ 




from which we obtain, on optimizing over 6 and tc, 
p{t,x,K,y) ^ Cu{B{x,r))-^^^iz{B{y,r))-^/^ exp ^- ^^{l + sy 




For {w~,w^) G Bo and r G (0,ro], set Wx = tc“(z) and Wy = 'm.iz&B{x,r)W^{z) and 

suppose that Wx ^ Wy. We can define {wp,wp) G by setting wp{z) = Wx \/ w(z) A Wy 
and wp(z) = Wx V w(z) A Wy. Note that \w~{z) — w~{x)\ ^ r for all z G B{x,r) and 
— w^{y)\ ^ r for all z G B{y,r), so w^{y) — w~{x) ^ wpi^y) — wp{x) + 2r. On 
optimizing over w, we see that 


d{x, K, y) ^ dr{x, K, y) + 2r. 

Hence, using the volume estimate (l44j) . we finally obtain, for all t G (0,4rQ V 1] 

p{t,x,K,y) « Cr‘'/P")(l +o!(i,ir,9 )74)'''''"”'exp ^ 0 ‘ 

which is certainly sufficient to imply the claimed asymptotics. 


a{P,y)\\oot 

2 


□ 


7 Second variation of the energy in a sub-Riemannian 
manifold of non-constant rank 

Let M be a connected 0°° manifold of dimension d and let a be a non-negative quadratic 
form on T*M having a sub-Riemannian structure, as in Section [1] In the section and the next, 
we assume that M is complete for the sub-Riemannian distance. Since all questions which 
we address concern properties determined for a hnite energy path by any neighbourhood of 
that path, this assumption of completeness results in no essential loss of generality. Recall, 
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for a continuous path ca in M, the notions of energy and driving path dehned in Section [H 
In Section O we reviewed the notion of cut locus and defined the Gaussian measure /i^ in 
terms of the bicharacteristic flow. Extrapolating from the Riemannian case, we might hope 
to characterize these objects instead in terms of the energy function I. This will be done in 
Section [HI In the present section, in preparation, we show that the set of finite-energy 
paths has, at suitably selected paths u, a well-defined set of tangent directions and 

that has the structure of a Hilbert space. Then we show that, when u is minimal and 

^ is a driving path for w, the energy has a well-dehned second variation in a dense set 
of tangent directions, which allows us to define a continuous non-negative quadratic form 
on Finally, we show that is minimized over ^ by a unique driving path A, which 

is in fact a bicharacteristic. Given a sub-Riemannian structure X for a, there are related 
constructions on the set of control paths, which are well known, evidently depending on the 
choice of X. We emphasise that and Q = Q\ depend on a alone. 

Two sub-Riemannian structures (Xi,..., Xm) and (hi,..., W) are equivalent (see [1]) if 
~ fikXk and Yfc = YlT=i 9ki^e for all i and /c, for some functions fik and gke on 

M. If a has constant rank, then all sub-Riemannian structures for a are equivalent. However, 
this is not true in general, as the following example shows. In take 

d d 

Xi{x,y) = Yi{x,y) = y—, X 2 {x,y) = Y 2 {x,y) = — 

X^{x,y) = sgn{x)Y^{x,y) = (49) 

Then 

3 3 

1=1 1=1 

but X and Y define inequivalent sub-Riemannian structures on Thus, in the non-constant 
rank case, we cannot establish that an object is intrinsic to a by showing it is intrinsic to an 
equivalence class of sub-Riemannian structures. Instead, our approach will be to work directly 
from a, using a sub-Riemannian structure for existence but not uniqueness. 

Recall that denotes the set of finite-energy paths starting at x and denotes the 
set of such paths terminating at y. Also, H^{UX) denotes the space of absolutely continuous 
paths h : [0,1] —?■ M™' starting from 0 such that 

ll^ir = [ < oo. 

Jo 

We £x a sub-Riemannian structure X = (Ai,... ,Xm) for a and use this to construct some 
associated objects. We will make clear which objects depend on the choice of X and which 
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do not. Given oj e H^, we define h{u}) G by 

ht{uj) = X{uJtr^t 

where ^ is any driving path for u. Then h{u) does not depend on the choice of For a; G M 
and h G write (j){x, h) for the solntion (0i)tg[o,i] of the differential equation 

m 

04 = ^ Xi{(j)t)hl, 00 = X. 
e=i 

Denote by px{x) the orthogonal projection (kerX(x))-*-. For x G M and h,k & 

dehne tt = 7 r(a;, h)/c G by 

kt = px{(t)t{x,h))kt. 


The following parametrization of by using X is well known. 

Proposition 7.1. Let a; G M and let 7 G . Then 7 = (j){x, h{'j)). Moreover, for all 
h G if we set to = (j){x,h) and n = 7i{x,h)h, then to G and tt = h{(jo) and 

i{to) = \\7rr^\\hr. 

Proof. Since (ker X(a;))-*- = iniX(a;)*, there is a measurable map f \ [0,1] T*M over to such 
that -kt = X{ujt)*if Then tOt = X{uJt)X{uJt)*it = and 

= [ {^t,a{ujt)^t)dt= f \X{ut)*ft\^dt = WirW^. 

Jo Jo 

We leave the remaining details to the reader. □ 

Let cu be a hnite-energy path and £x a chart along u. We say that a driving path ^ for u 
is tame if 

l^tl'^dt < 00 

where we have used the Euclidean norm in the chart. This condition does not depend on the 
choice of chart. We say that u is if it has a tame driving path. 

Let a; be a tame path in H^. Fix a chart along to and a tame driving path ^ for to. 
We will dehne a space of finite-energy variations of u which, for now, may appear to 

is straightforward to see that, if the diffusivity a has constant rank, then every finite-energy path is tame. 
On the other hand, consider on the vector fields Xi = dldxi,X 2 = xidldx 2 and the path w* = {t,Pf2) 
for t G [0,1]. Since Xi,X 2 span except on {xi = 0}, the only driving path for uj is = dxi -h (l/t)dx 2 . 
Then (^t, a{uJt)^t) = 2 for all t so w has finite energy, but ^ is not tame. 
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depend on the choice of chart and of Denote by the set of absolutely continuous 

maps n : [0,1] ^ TM over cj such that 

vt = + a{ut)r]t, Vo = 0 (50) 


for some measurable path rj : [0,1] T*M over u, with 

{r]t,a{ut)r]t)dt < oo. 

Note that, in (l50|) . the meaning of the derivatives Vt and depends on the choice of chart. 
Note also that, since ^ is tame, by Gronwall’s lemma, there is a constant C < oo such that 
ll'i^lloo ^ C'||n||g for all v G T^H^. If 7] can be chosen in (15U]) so that, in addition, 

\rit\‘^dt < oo 

then we will call v a tame finite-energy variation. Write for the set of tame hnite-energy 

variations of u. Set = {n G : Ui = 0} and = {n G fi^H^ : Vi = 0}. 

Proposition 7.2. Let uj G he tame, with tame driving path Then Ti^H^ is dense in 
. Moreover is dense in T^H^^y. 

Proof. For e > 0, set ? 7 f = {^/a{uJt) + el)~^a{u}t)rit and dehne by 




vl = iy via){ujt)ft + a{ujt)riifi Wq = 0- 


Note that ^/a{up){7jl — r^i) —)■ 0 for all t G [0,1] and 

{pl - pt, ayWt - Vt)) = ^ {vt, a{^t)vt) + ^ iVt, a{u;t)vt)- 


Hence 


{vfia{ujt)vt)dt + e'^ I \vt\‘^dt ^ I {vt,a{ut)vt)dt < oo 


so G yiT^ for all e, and by dominated convergence, as e —?■ 0, 


11 ^^ “'^ 11 ?= f (vt-Vt,a{i^t){vt-Vt))dt ^0. 

Jo 

We have proved the hrst assertion. 

Set V = {ui : V G T^H^}. There is a hnite set E C such that {ci : e G E} is a basis 

for V. Given 5 > 0, we can hnd for each e E E a. tame e G such that ||e — e||^ ^ 8. 
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Then |ei — ei| ^ C5. We can therefore choose 5 snfficiently small that {ei : e G E} remains a 
basis for V. Set 


A := snp 


eeB 




: cTr G 


eeE 


= 1 


Then A < oo. Given v G and e > 0, there exists n' G snch that ||n — n'||^ < 

e/{l + CA). Then v'l G V and ^ Ce/ll + CA). We can write v'^ = for some 


Q!e £ l!^- Set 


then V G and 


V = V 


'-E' 


eeE 


|n — h||^ ^ ||n — n'll^ + 


^ ^ OeC 
eS-B 


^ £ 


which proves the second assertion. 


□ 


By standard argnments, the map 0 : MxH^{ME) H is differentiable, in both argnments. 
Fix X E M and h G Set ojt = h) and dehne 

ut = (j)*t{x,h) = -^(ptix,h) G ®T*M. 
ox 


For k G dehne v = v{k) by 


d 

vt = h)k E T^tM. 

Then u and v satisfy the differential eqnations 

m 

hi = ^ VXi{ujt)uthl, uq = I, 

i=l 

m 

hi = ^ S/X^{ujt)vth{ + Xt{ut)kl, no = 0 (51) 

i=i 

where the derivatives hi, ht and XXe are nnderstood in the chosen chart. Then, by the 
variation of constants formnla. 


Vt = 


e=i 


Ut / u^^Xi{uJs)klds. 


(52) 
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Proposition 7.3. Let u G he tame and let k G 77°(M™). Fix a chart along u and a tame 
driving path ^ for u, and write for the associated space of finite-energy variations. Set 

v{k) = ■^(j){x,h{uj))k. 

Then v{k) G On the other hand, for any v G , we can define k{^,v) G i7°(M™') 

by 

where p : [0,1] —?■ T*M is a measurable path over u satisfying fl50|) . Then k{^,v) does not 
depend on the choice ofp, and 

d 

V = -^(t){x,h{u:))k{f,,v). 

Moreover there is a constant C < oo, depending only on I{uj), \^t\'^dt and a uniform bound 
for X and XX along u, such that 

11^(7)11^ <q|7||, ||7(e,^)KC||^|l^. 

Moreover, if v = v{k), then n{x, h{u))){k{^,v) — k) = 0. 

Proof. Write h = hiu:). Then v{k) satisfies flSTll so, by Gronwall’s lemma, there is a constant 
C < oo such that ||n(/c)|loo ^ C'HfcH. Here and below, C is understood to have the dependence 
claimed in the statement. Since ^ is tame, we can define g{k) G by 

g^ik) = {^t,XX,{uJt)vt{k)). 

There is a constant C < oo such that ||5'(/c)|| < C'||n(/c)||oo- We can find a measurable map 
p : [0,1] —)■ T*M over u, such that 


a{^t)pt = ^Xi{ujt){k[ - gl{k)). (53) 

£=1 


Note that 


so v{k) satisfies 


Va(x) = VW(a;)W(a;)* + X,(a;)VX,(x)* 

i=i 


Vt{k) = (y + CL{uJt)pt, Vo{k) = 0 
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and, moreover 


7,{x,h){k-g)f<C\\k\\\ 

Hence v{k) G and ||n(A ;)||5 ^ C'||/c||. 

On the other hand, for v G we see from fl50D that there is a constant C < oo such 

that Halloo < C'llnll^, so ||/c(^,n)|| < 0||n||^. Moreover, we can write (l50D in the form 

m 

Vt = Y. + X,{ut)k^,{^, v) 

£=1 

SO n = v{k{^,v)), as claimed. Finally, if n = v{k), then v{k{^,v) — k) =0, so, from fl52l) . 

m 

e=i 

for almost all t, and so 7i{x, h){k{^, v) — k) = 0. □ 

Fix to and set H = {k E : 7r{x, h{u))k = k}. Then if is a closed subspace of the 

Hilbert space Proposition 17.31 shows that, for any choice of chart along to and any 

choice of tame driving path ^ for to, the map k i—)■ v{k) is a linear isomorphism H —)■ 
which is bounded with bounded inverse, when is given the norm ||.||^. Hence, the 

space does not depend on the choice of chart and driving path. It clearly does not 

depend either on any choice of sub-Riemannian structure X. Moreover, the norms ||.||^ are 
all equivalent, and all make into a Hilbert space. 

A (minimizing) hnite-energy path to G is said to be regular if the linear map 

^ TyM 

is onto. By ([52]), this is equivalent to Bismut’s condition that the deterministic Malliavin 
covariance matrix 

m „i „i 

Ci{u) = ^ {ut^Xe{ut))(^{ut^Xe{ut))dt= Ut^a{ujt){ut^)*dt (54) 

g ^ 0 « 0 

is invertible. In particular, when a is positive-dehnite, every to G is regular. In general, 
these conditions may depend on the choice of sub-Riemannian structure. By Proposition 17.31 
a tame path to G is regular if and only 

{ui : n G T^H^} = TyM 


= / {gt,a{ujt)r]t)dt = 
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so for tame paths the notion of regularity depends only on a and not on the choice of sub- 
Riemannian structure. It is straightforward to see that u is regular if and only if its time- 
reversal is regular. In [3 pp. 22-24], Bismut gives an argument which shows that invertibility 
of Ci{uj) is intrinsic to the equivalence class of the sub-Riemannian structure X. As the 
example fl49|) shows, this is not the same as being intrinsic to a. 

Consider a regular tame hnite-energy path u G We use the sub-Riemannian structure 

X to dehne h{(jj) G as above and we write K for the kernel of the linear map 

{d/dh)(t)i{x,h{uj)) : TyM. Then 

= {ke H%R^) : kl = {rjo,u;^Xe{ut)),Vo e T:M} 

and {d/dh)(l)i{x,h{u)))\j^± is invertible. By the implicit function theorem in Hilbert space, 
there exist 5 > 0 and a map 9 : K ^ H such that, for all k E K, we have 

01 (x, h{uj) + k + 9{k)) = y 

and such that, for all fc G iC and all k' G with ||/c -|- fc'H < 6, we have 9{k) G and 

(j)i{x,h + k + k') = y only if k' = 9{k). 

Note that 0(0) = 0. For k E K and e sufficiently small, we have 

0i(a:, h + ek + 9{ek)) = y. 

On differentiating in e at 0, we obtain (0/0h)0i(x, h){k + 0'(O)fc) = 0, so 0'(O)fc G K. Since 9 
takes values in , we deduce that 0'(O) = 0. On taking the second derivative, we obtain 

d 

^0i(x, h){k, k) + h)0"(O)(fc, k) = 0. (55) 

Since 0"(O)(/c, fc) G this equation determines 0"(O). 

We note the following useful identity. Let k E and let k' E Then k^ = 

{r]o,u:i~^Xi{ut)) for some rjo E T*M. So 

{k,k')=f {r]o,u:[^Xt{uJt)){k'tYdt = {r]o,u];^vi{k')). (56) 

Jo 

The key arguments and computations, for a sub-Riemannian structure X, in the next two 
results are due to Bismut [71 Theorem 1.17 and Theorem 1.24]. Our new contribution is to 
construct objects and show results which do not depend on the choice of X. 
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Proposition 7.4. Let u G 77*’^ he tame and regular and let ^ be a tame driving path for u. 
Let V G be a tame finite-energy variation. There exists a measurable map 

: (-1,1) X [0,1]^ T*M 

such that = ^ and 

(i) G for all e, with ujf = 

(ii) in any chart along u, there is a constant C < oo such that, for all e G (—1,1), 

sup \u^ — ut — evt\ < Ce^ 

i6[0,l] 

and, writing = {uj^,p^) and rj = (w, q), 

{pI -Pt- eqt, a{ul){pl - pt - eqt))dt < Ce"^. 



Moreover, for any such map e i-G- the map e i-G- is differentiable at e = 0, and is twice 

differentiable at e = 0 if u is minimal. Define 


L{v) 


de 


£=0 


then L extends uniquely to a continuous linear form on . 

minimal, define 


Qd'>^) 


1 

2 


£ = 0 


In the case where u is 

(57) 


then extends uniquely to a continuous quadratic form on Finally, given a sub- 

Riemannian structure X for a, for h = h{u) and k = k{^,v), we have 


L{v) = 2{h, k) 

and, when uj is minimal, then h G and 

Q^{v) = \\kf + {h,e"mkM- 

Proof. Fix a sub-Riemannian structure X for a. We will use X to construct a map having 
the claimed properties. Set h = h{uj) and k = k{f,v). Since vi = 0, we have k & K. For 
e G (—1,1), set h^ = h-{-ek-\-9{ek) and set = cf^x, h^). Then G for all £. Moreover, 
the map £ e- )■ : (—1,1) — ?■ is and there is a constant C < oo such that 

sup \uf — Ut — evt\ < Cs^. 

i6[0,l] 
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Moreover, fixing a chart along ca and writing ^ = {u,p) and rj = (ca, q), we have 

- ai^DiPt + £qt) = Xe{ul)gt’^ 


where 


9t’^ — ^1 + ek[ + Ol{ek) — {pt + eqt, Xg,{ujl)) 

= - {pu Xeiul) - Xeicut) - eXX^icuM - e{qu X,{ut) - X,{ujt)) + el{ek). 

Since ^ and p are tame, there is a constant C < oo snch that, for all e, we have 

so we can hnd a measnrable map rf snch that 

and 

(r|, a{u:l)rl)dt < Ce^. 

If we now set pi = Pt + ^qt + then = {u)f,pl) has the reqnired properties. 

Snppose now, more generally, that = {u)^,p^) and p = {uj,q) are maps having the 
properties described in the statement. Dehne G by 

hf = {pl,Xe{u;t)). 




Then 

hf -hi- ek[ 

= {pI -Pt- eqt, Xi{ujl)) + e{qt, X(,{ul) - Xi{ut)) + (p*, Xi{ul) - Xi{ut) - eXX(,{ut)vt) 
so, since ^ and p are tame, there is a constant C < oo such that, for all e, we have 

\\h‘^ — h — ek\\ < Ce^. 

Write k^ for the orthogonal projection of — h) onto K. Since k G K, we have —/c|| ^ 

\\e~^{h'^ — h) — k\\ ^ Ce. Since 0i(a:, h^) = p, we have, for £ sufficiently small, 

= h + ek^ + e{ek^). 


Hence, as e ^ 0, 

— I{oj) = \\h + ek^ + 6{ek^)\\'^ — ||/i|p = 2e{h, k) + 0{e^). 
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Hence e i—)■ /(cu^) is differentiable at e = 0 with derivative L{v) = 2{h,k). By Proposition 
17.31 we have ||/c(.^,n)|l ^ C'lbH^, so L is continuous on which is dense in so L 

extends uniquely to . 

Now, if u is minimal, we must have L{y) = 0 for all v G and hence for all 

V G So, for any k' G K, we have 

{h,k') = {h,k{^,v{k')))=L{v{k')) = 0 

and so h G K^. Then, for as above, as e —)■ 0, we have 

I{uj^) - I{uj) = e^k^l^ + 2{h, e{ek^)) + \\9{ek^)f = e^\\kf + {h, 0"(O)(fc, k))} + 0{e^). 

This shows that e ^ I{^^) is twice differentiable at e = 0 with the claimed second derivative, 
which is then continuous on and extends uniquely to □ 

Note that, since L{v) and Q^{v) can be computed either by choosing a suitable family of 
paths £ 1 -^ or by choosing a sub-Riemannian structure X, they depend on neither choice. 
For 7 G H^’y tame, regular and minimal, we dehne a continuous quadratic form Q on T^H^'y 
by 

Q{v) = iniQ^iv) 

where the inhmum is taken over all tame driving paths 

Proposition 7.5. Let 7 G H^’y be tame, regular and minimal. Then there exists a unique 
tame driving path A such that Q = Q\. The path X is a bicharacteristic and is the only 
bicharacteristic which is a driving path for 7 . Moreover, given a sub-Riemannian structure X 
for a, we have 


Q^{v) = Q{v) + \\k{f,v) - k{X,v)f, Q{v) = q{k{\,v)) 
where q is the quadratic form on K = keT{d/dh)(j)i{x, h{^)) given by 


q{k) = \\k\\ - (^Ai,—0i(a:,h(7))(/c,/c) 

Proof. Choose a sub-Riemannian structure X for a and dehne as above 

d d 

h = h(7), ut = K = kei—(t)i{x,h). 

Then, by Proposition I7.4[ we have h G K^, so there exists a unique Xq ETfM such that 

h‘ = (A„A'f(7,)) 
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for almost all t, where At = (wt ^)*Ao. Fix a chart along 7 and write At = Then 

m m 

= I] XtMhf, p, = 

e=i e=i 

so A is a bicharacteristic. Snppose, on the other hand, that ^ = (7, q) is a bicharacteristic 
over 7 and dehne k G by kf = {^t, Then 7 = 0 (a:, k) and 1(7) = ||/c|p and 

m 

qt^-Y^{qpXX,{'H))kl 

l=l 


SO k = h{pf) and q = p, proving nniqneness. 

Write h for ^( 7 ) and recall that hf = {Xo,u^^X£{'yt)) and Ai = Then, by fl55l) 

and fl56|) . we have 

qik) = \\kf + {h,9"{0){k,k)). (58) 

So q{k{^,v)) = Q^{v) by Proposition 17.41 Take now v = v{k) and set k' = k — k{\,v). Then 
{d/dh)(f>{x,h)k' = 0, so = 0 for almost all t, and so (p{x,h + ek') = 7 for 

all £ G M. Hence q{k') = \\k'\\^ and it will snffice to show that q{k{X,v), k') = 0. Recall that 
kf{X,v) = (At, VX£( 7 t)nt) + (Vt, Xe^'-yt))■ We differentiate the identity 

—0i(a:,h)j = '^J (^—(j)t{x,h)j X(,{(t)t{x,h)){k[f dt (59) 

in h, in the direction k{X,v), to obtain 


u 


-1 

1 


32 

dh^ 


(pi{x,h){k{X,v),k') 



u^^VXMvtiKYdt. 


Hence 




^u-^Mx,h){k{X,v),k’)J = Y^ I {Xt,VXi{'yt)vt){ktYdt= {k{X,v),k'). 


e=i 


This shows that q{k{X,v), k') = 0 as reqnired. □ 

Note that onr extra condition of tameness, nnder which regnlarity of hnite-energy paths 
is intrinsic to a, does not exclnde any normal minimal paths as these all have smooth driving 
paths. 
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8 Characterization of the cut locus and fluctuation mea¬ 
sure by the energy function 


Throughout this section, 7 is a regular tame minimal path in X is the unique bicharac¬ 
teristic projecting to 7 and Q is the quadratic form on defined in the preceding section. 

Fix s G [0,1] and rjs G T*^M. For t G [s, 1], dehne Jts ■ T*^M —)■ T^^M by 


JtsVs 


de 


Tl'lpt-siK + £Vs) 

£=0 


where {'ipt)teR is the bicharacteristic flow. We already dehned Jt = Jto by equation flT^ above. 
Set Vt = JtsVs- Given a sub-Riemannian structure X for a, the following equations determine 
4)ts{x, h) and ht, for t G [s, 1] and x near 7 *, as functions of A* G T*M 


m 

(j)ss{x,h) =x, ^ts{x,h) = '^Xe{(l)ts{x,h))hl, hi 

i=i 



A 

dx 


(l)ts{ls,h)] Xi{(j)t,{%, h)) 


On differentiating in in the direction rjs, we hnd that Vt = {d/dh)(j)ts{'ys, h)k, where k 
satishes, for t G [s, 1], 

K = iVs, u-^Xi{-ft)) + Al{X, k). (60) 

Here, Uts = {d/dx)(j)ts{Vs, h) = UtU~^ and 


Ai{\k) 




4^ts{xs-i h') 


Xi{4)ts{'ys,h)) 



By writing a differential equation for Afs(A, k), we hnd a constant G < 00 such that, for all 
t G [s, 1], ^ 

\Ats{X,k)\^ <C [ \kr\^dr. 

J S 

It follows that the equation fl6UD uniquely determines k. Note that, if we set Uf = 0 and kt = Q 
for t G [0, s), then we have, for all t G [0,1], 

Vt = ^Mx,h)k, kl = {ulT]s,uh^Xe{'yt))Ut^s} +Al(^{X,k). (61) 

Proposition 8.1. Let 7 G be tame, regular and minimal and let v G . Then 

Q(v) = 0 if and only if Vt = JtVo for all t G [0,1], for some rjo G TfM. 
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Proof. Choose a sub-Riemannian structure X for a. Suppose that Q{v) = 0. Set k = k{X,v), 
then q{k) = 0. On differentiating the identity fl5^ in h, in the direction /c, we obtain 


u 


-1 


m „i 

(j)i{x,h){k,k') = '^ {k 
e=i 


^ dh^ 
so, by Proposition 17.51 

m pi 




dx 


-1 


(j)t{x,h)] Xi{(j)t{x,h)) 


k dt 


q(k, i') = E / P' - ( 


i=l 


A 


dx 


-1 


(ftix.h)] Xi{(t)t{x,h)) 


k \ \ dt. (62) 


Since 7 is minimal, q is non-negative on iC, so q{k, k') = 0 for all k' G K. Hence there exists 
an rjo E TfM such that 

kl = {vo,uf^X,{^,)) + 4,{X,k). 

As we argued above, this forces Vt = JtVo for all t. On the other hand, if Vt = Jt^lo then, by 
the same calculations, we see that v = {d/dh)(f){x,h)k where k satishes q{k,k') = 0 for all 
k' G K. But /c G iP, so Q{v) ^ g(/c, k) = 0. □ 


Proposition 8.2. Let 7 G be tame, regular and minimal and let rjQ G TfM. Then 

JtVo = 0 for all t only if tjq = 0. 

Proof. Fix a sub-Riemannian structure X for a and a chart along 7 . Write '0i(Ao + £ 70 ) = 
(bpPf) and hf = (pf, W( 7 f)). Set 


Vt = JtVo = 


de 


If. 


Vt = 


e=0 


de 


ff kl = 


£=0 


A 

de 




£=0 


By differentiating the bicharacteristic equations we obtain, for all t G [0,1], 


Vt = J2 ^MXt)vthl + X,{^t)kl kl = {r„ X,(7i)) + {pt, VX,{-ft)vt). 

i=i 


But Vt = JtPo = 0 for all t so Ym=i ^(.{lt)kt = 0 and so \kt\^ = Y^^=i{vt^ Xii^t))'^ = 0 for all t. 
Now 

Ilf = {pl W(7D) = (Ao + svo, «)-'W,( 7 |)) (63) 


where 

ill = ^Xei'fDulhf, Wo = id. 

By differentiating this equation, we see that {d/de)\s=oul = 0, so on differentiating fl65]) we 
obtain 


{Vo,Ut ^Xi{^t)) = 0 

for all t, and this implies that po = 0 since 7 is regular. 


□ 


48 












The next result is a characterization of the cut locus by path properties intrinsic to a. 
An analogous characterization in terms of a given sub-Riemannian structure is given in [HI 
Theoreme 1.18]. We note the use of Proposition 18.21 

Theorem 8.3. Let x,y E M. The following are equivalent 

(i) {x, y) lies outside the cut locus, 

(ii) there is a unique minimal path 7 E , which is tame and regular, and the quadratic 

form Q is positive-definite on . 

Proof. In both (i) and (ii) we have a unique minimal path 7 E By Proposition 17.41 

if 7 is tame and regular then 7 is the projection of a bicharacteristic, while any projected 
bicharacteristic is tame. 

Suppose that Q is positive-dehnite and that J 170 = 0 for some 70 ^ TfM. Then vt = 
JtPo £ and Q{v) = 0, so Jtrjo = 0 for all t, and so rjo = 0, by Proposition 18.21 Hence 

Ji is invertible. 

Suppose, on the other hand, that Ji is invertible. Since {ui : v E T.yH^’'^} contains 
{Jirjo : rjo ^ TfM}, we see that 7 is regular. Suppose further that Q{v) = 0 for some 
V E By Proposition 18.11 we have Vt = JtPo for some 70 £ TfM. Then Jirjo = 0, so 

rjo = 0, and so n = 0. Hence Q is positive-dehnite. □ 

Recall from flT^ that we dehne : T*M ^ T'yt^ t)y 


KtVi 


de 


7r'0-(i-p(Ai 

£ = 0 


and, for s,t E [0,1] with s ^t, set 


C{s, t) = C{t, s)* = JsJf^Kt e O T^^M. 


Proposition 8.4. Let 7 E be tame, regular and minimal. Suppose that x and y are 

non-conjugate along 7 . Let s E [0,1] and (3 E Tf^M. For t E [0,1], set nf’* = C{t, s)(3. Then 
yPs g and, for all v E T^H^'y, 

Q{v,v^’^) = 

Proof. Set r/o = We can dehne w = E by setting wj = JtPo for all t, 

and = 0 for t ^ s and = Jts(3 for t > s. Then w = {d/dh)(j){x, h)k, where k = IP — k"^ 
with 


{.klY = {vo,u^ + A^Q^{\,kY, {ktY = 


49 







Take v' G and set k' = k{X,v'). Then, using fl62l) for the second equality, we have 


m 


Q{w,v') = q{k,k') = Y^ / (KY 

i=i ^ ^ 

Tn 

= 5^/ {Vo,u;^Xei'yt))iktYdt- {u*l3,Ut^Xei'yt))iKYdt={l3,v',). 

Jo Js 


For t < s we have 

Wt = JtoJwJis^ = = C{t,s)l3. 

Consider now the analogous construction in reverse time. Set r]i = Kq^Kqs(3 and dehne 
w = — w"^ E by setting wl = Ktr]i, and = 0 ior t ^ s and = Ktsfd for t < s. 

Then, by the same argument, Q{w,v') = (/S,n') for all v' G But w — w E so 

this implies Q{w — w,w — w) = 0 and hence w = w. So, for t ^ s, we have 

wt = wt = KnK^YKosId = Kt{J^yjll3 = C{s,tyi3. 

Hence w = and has the claimed property. □ 

Theorem 8.5. Let x,y E M and suppose that {x,y) lies outside the cut locus. Denote the 
unique minimal path in by 7 . Recall the definitions (|22|) of the process W and fl23|) of 
the random variables S{z) for z E 'Mfi. Then < 00 for all z E for some p > 1. 

Define a new probability measure IP on by dF/dF oc and write for the law 

on ofY{0) = v{W) under F. Then is a zero-mean Gaussian probability measure on 

with the following properties 

(i) for all continuous linear functionals fi on T.yQ^'y, 

f (pivYyfidv) = Q(0) 

where E T^^H^’y is given by (p{v) = Q{fi,v) for all v E T^H^’y, 

(ii) for all s,t E [0,1] with s ^t, 



Vs ® Vf y^dv) = JsJi 


Moreover, the properties (i) and (ii) both characterize y-^ uniquely. 
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Proof. Choose a sub-Riemannian structure X for a and consider the continuous quadratic 
form on given by 

s{k) = (Ai, {d/dh)‘^(j)i{x, h){k, k)). 


Fix an orthonormal basis (e„ : n G N) for K which diagonalizes s on K. Formally, we have 
S{z) = s{W{z)) so, by a standard calculus for the Wiener chaos, 

s(en)(hF, e„)^ + 2 ^ s(e„, r( 2 r))(hF, e„) + s{t{z)) (64) 

n n 

where the sums are understood in L^(P) and the random variables (hF, e„) are independent 
standard Gaussians. Set Sn = —s(e„) and cr„ = s(e„,r(z)). We see from fl64l) that the series 
converges and particular —)■ 0 as n —oo. Since x and y are 

non-conjugate along 7 , for all non-zero k E K, we have 

\\kf-sik) = q{k) = Q{v{k)) + \\k'f>0 


where k' = k — k{X,v{k)). Hence 1 -|- > 0 for all n. Denote by u the standard Gaussian 

distribution on M. Then, for all s G (—1, cxd) and all a G M, we have 


^ax -sx'^/2 


ui^dx) = 


,aV( 2 (l+.)) 


\/l + S 

Hence, for p > 1 sufficiently close to 1, for all 2 ; G M'^, we have 


(65) 


E(e' 


,pS( 2 )/ 2 ^ _ ^Ps{t{z)) 


rr, ^ 


a/I + pSr. 


3P^'^n/(2(l+PSn)) 


< CXO. 


Let / be a continuous linear functional on and write / = v{k*), where k* = k{X,(j)). 

Then 


4>{v{en)) = Q(/,n(e„)) = q{k*,en) = (F, e„)g(en). 

From (|65l) . we see that under P, the random variables (W, e^) are independent zero-mean 
Gaussians of variance (1 - 1 - Sn)~^ = q{en)~^- Now 


0(r) = 0(n(W)) = Y,{W,en)f>{v{en)) 

n 


so the law of Y on under P is a zero-mean Gaussian measure with 

[ (p{vffij{dv) = E(0(y)2) = (j){v{en)f/q{en) = ^ en)^g(en) = q{k* 

as claimed. Finally, by Proposition 18.4( for a G T/M and jS G Tf^M, we have 
f {a, Vs) {(3, vt)y-y{dv) = Q(n"’/ n^’*) = (a, G(s, t)/3) 

JTjQ^’y 

so y.y also has the claimed covariance. The uniqueness statements are standard. 


= Q( 0 ) 


□ 
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